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SANYA LECTURES : GEOMETRY
OF SPHERICAL VARIETIES
NICOLAS PERRIN
Abstract. These are expanded notes from lectures on the geometry of spher-
ical varieties given in Sanya. We review some aspects of the geometry of
spherical varieties. We first describe the structure of B-orbits. Using the local
structure theorems, we describe the Picard group and the group of Weyl divi-
sors and give some necessary conditions for smoothness. We later on consider
B-stable curves and describe in details the structure of the Chow group of
curves as well as the pairing between curves and divisors. Building on these
results we give an explicit B-stable canonical divisor on any spherical variety.
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Introduction
We consider algebraic varieties over an algebraically closed field k and denote by
G a linear algebraic group over k. From the point of view of equivariant birational
geometry of G-varieties – varieties endowed with an action of a reductive group
G – spherical varieties correspond to one of the easiest possible situation. Indeed,
a normal G-variety X is spherical if and only if k(X)B = k where B is a Borel
subgroup of G (Theorem 1.2.12). This point of view is the starting point of the
Luna-Vust Theory of embeedings described in Jacopo Gandini’s lectures [17] (see
also [27] and [23]). For this reason, spherical varieties have especially nice geometric
properties that we review in these lectures.
There are many well known examples of spherical varieties. Let us cite the most
famous ones: rational projective homogeneous spaces, toric varieties and symmetric
spaces. One of the goal of a geometric study of spherical varieties is to extend as
much as possible the classical geometric results known for the above three classes
of spherical varieties to the general case. In particular, one would like to answer
the following questions:
• What can be said on B-orbit closures compared to the very well understood
situation of Schubert varieties in rational projective homogeneous spaces?
• Can we describe, as in the toric case, the Picard group via convex geometry?
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• What can be said on the Chow groups especially on the duality between
curves and divisors ?
• Can we compute a canonical divisor ?
We will partially answer the above questions, reviewing results of many authors on
spherical varieties.
Convention, notation and prerequisites. In Section 1, we assume char(k) ≥ 0
and specify when the assumption char(k) = 0 is needed. From Section 2 on, we
assume char(k) = 0.
All the groups we shall consider will be linear algebraic groups. We denote by Γ
such a group and use G for reductive groups. We will denote by R(Γ) and Ru(Γ)
the radical and the unipotent radical of a group Γ. The group of characters of Γ
is denoted by X(Γ). We denote by Ga and Gm the additive and multiplicative one
dimensional group respectively. If Γ acts on a variety X and x ∈ X , we write Γx
for the stabiliser of x in Γ.
We will denote by T a maximal torus of G and B a Borel subgroup containing
T . We denote by R the root system of (G, T ), by R+, respectively R−, the sets of
positive, respectively negative roots. For P a parabolic subgroup of G containing
B, we denote by P− the opposite subgroup with respect to T .
We denote by W the Weyl group of G and by WP the Weyl group of a parabolic
subgroup P ⊃ B. We denote by U the maximal unipotent subgroup of B. We refer
to [4] for results on algebraic groups. We denote by Lie(G) the Lie algebra of G, we
shall also use the gothic letter g. We write gα for the root space associated to the
root α and Uα for the one-dimensional unipotent subgroup of G with Lie(Uα) = gα.
We will also assume some familiarities with basics on algebraic geometry and
use [22] as reference. A variety is an irreducible and reduced scheme of finite type
over k.
We tried to keep these notes as independent as possible from the theory of
embeddings considered in [17]. This was of course only possible up to a certain
point. In particular, in Section 1 and Section 2 we do not use the colored cones
and colored fans but assume at a few places some familiarities with toric varieties
(see for example [14]). In Section 3 however, the description of the Picard group
relies on the colored fans and we refer to [17, Section 7] for definitions. In the last
two sections, we tried to avoid as much as possible the use of Luna-Vust theory of
embeddings but had to use it as several places. We then gave references and tried
to use [17] when this was possible.
Acknowledgements. I first thank Michel Brion and Baohua Fu for the kind in-
vitation to give lectures on the geometry of spherical varieties in Sanya. I thank
Jacopo Gandini for many helpful discussions on our lectures during the two weeks
of the conference. I also thank all the participants especially Johannes Hofscheier
and Dmitry Timashev for the many questions and discussions during and after the
talks. This led to many improvements and expansions of the first version of these
notes. Finally I thank the referee for his comments and corrections.
1. B-orbits
In this section, we define the complexity of a G-variety. Spherical varieties are
G-varieties of vanishing complexity. We then prove that they have finitely many
B-orbits and study the inclusion graph of B-orbits.
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1.1. Reminders on Γ-varieties. In this subsection, we gather results and defini-
tions that we shall use in these notes.
Definition 1.1.1. Let Γ be a linear algebraic group.
1. A Γ-variety is a variety endowed with an (algebraic) action of Γ.
2. A Γ-variety is homogeneous if is has a unique Γ-orbit.
3. A Γ-variety is quasi-homogeneous if is has a dense Γ-orbit.
Example 1.1.2. 1. The grassmannian variety Gr(p, n) of linear subspaces of di-
mension p in kn is a homogeneous Γ-variety with Γ = GLn(k).
2. The projective space Pn is a homogeneous GLn+1(k)-variety but also a quasi-
homogeneous (Gm)
n-variety where (Gm)
n is the subtorus of diagonal matrices with
determinant 1 in GLn+1(k).
Recall the following results of Sumihiro [39, 40] enabling in many cases to assume
that a Γ-variety is quasi-projective. Let me mention the very recent preprint by
Brion [10] where the second result below is generalised to Γ-varieties defined over
any field and with Γ algebraic by not necessarily linear.
Theorem 1.1.3 (Equivariant Chow-Lemma). Let Γ be a connected linear alge-
braic group and X a Γ-variety. There exists a quasi-projective Γ-variety X˜ and a
birational Γ-equivariant projective surjective morphism f : X˜ → X.
Theorem 1.1.4. Let Γ be a connected linear algebraic group and X a Γ-variety.
Let Y be a Γ-orbit.
1. There exists a quasi-projective Γ-invariant open subset of X containing Y .
2. If X is quasi-projective, there exists a finite dimensional Γ-module V together
with an equivariant embedding X → P(V ).
In the last result, we cannot replace quasi-projective by affine. Indeed, in general
there is no Γ-stable affine covering: take for X any projective homogeneous variety,
e.g. X = Pn and Γ = GLn+1(k). This is however possible if we replace Γ-stability
by B-stability with B a Borel subgroup of Γ.
Proposition 1.1.5. Assume char(k) = 0. Let X be a G-variety and Y any G-
stable closed subvariety. Then there exists an open B-stable affine open subset X0
of X such that
1. X0 ∩ Y 6= ∅
2. the restriction map k[X0]
(B) → k[X0 ∩ Y ](B) is surjective.
Proof. Using Sumihiro’s Theorem, we may assume that X is equivariantly embed-
ded in P(V ) where V is a finite dimensional G-module. Let X¯ and Y¯ be the closures
of X and Y in P(V ), let ∂X = X¯ \X and let X̂, ∂̂X and Ŷ the cones in V over
X , ∂X and Y .
Note that Ŷ 6⊂ ∂̂X and choose a homogeneous B-eigenfunction f ′ ∈ k[Ŷ ](B)
vanishing on ∂̂X but not on Ŷ . Now, since char(k) = 0, representation theory tells
us that the surjective map k[X̂]→ k[Ŷ ] induces a surjective map k[X̂](B) → k[Ŷ ](B).
Choose f such that f |
Ŷ
= f ′ and set X0 = DX(f) = {x ∈ X | f(x) 6= 0}. Then
X0 ⊂ X is affine B-stable and meets Y .
Now let φ ∈ k[X0 ∩ Y ](B) homogeneous. There exists m ≥ 0 such that φf ′
m ∈
k[Ŷ ](B). By the above surjectivity, we get ψ ∈ k[X̂](B) with ψ|
Ŷ
= φf ′
m
. Then
(ψf−m) ∈ k[X0](B) with (ψf−m)|Ŷ = φ. 
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Remark 1.1.6. The assumption on the characteristic is not really restrictive. In-
deed, in positive characteristic, we have a similar result but we need to use p-th
powers to lift functions. More precisely, the second condition has to be replaced by
2’. ∀f ∈ k[X0 ∩ Y ](B), ∃N ∈ N and ∃f ′ ∈ k[X0](B) with f ′|X0∩Y = f
pN .
The above proof works using the following (see [20, Theorems 1.3 and 2.1]):
Theorem 1.1.7. Let X be an affine G-variety, Y ⊂ X a closed G-stable subset
and f ∈ k[Y ](B). Then there exists N ∈ N and f ′ ∈ k[X ](B) with f ′|Y = fp
N
.
Let us finally recall a result of Rosenlicht [37].
Theorem 1.1.8. Let Γ be alinear algebraic group and X a Γ-variety. There exists
a non empty open Γ-stable subset X0 and a morphism π : X0 → X ′0 such that
1. The fibers of π are the Γ-orbits in X0.
2. The morphism π induces an isomorphism k(X ′0) ≃ k(X0)
Γ = k(X)Γ.
1.2. Complexity and rank of G-varieties. Let Γ be an algebraic group, G is a
reductive algebraic group and T ⊂ B ⊂ G is a Borel subgroup containing a maximal
torus T .
Definition 1.2.1. Let X be a B-variety, the weight lattice of X is the subgroup
Λ(X) ⊂ X(B) of weights of B occuring in k(X). This is a free abelian group and
its rank rk(X) is the rank of X .
Proposition 1.2.2. Let Y ⊂ X an inclusion of B-varieties. Then rk(Y ) ≤ rk(X).
Proof. Let X0 be as in Proposition 1.1.5. Any weight of Λ(X) is the difference of
weights of k[X0]. The same is true for Y . The results follows from the surjection
k[X0]→ k[X0 ∩ Y ]. 
Definition 1.2.3. The complexity c(X) of a Γ-variety X is the minimal codimen-
sion of a Γ-orbit: cΓ(X) = min{codim(Y ) | Y ⊂ X is a Γ-orbit}. If the group Γ is
clear from the context, we write cΓ(X) = c(X).
Proposition 1.2.4. Let X be a Γ-variety, then cΓ(X) = Trdeg(k(X)
Γ).
Proof. Let π : X0 → X ′0 be as in Rosenlicht’s Theorem. Since the dimension of
Γ-orbits is lower semi-continuous the maximal dimension of an orbit is the dimen-
sion of the fibers of π thus cΓ(X) = dimX
′
0 = Trdeg(k(X
′
0)) = Trdeg(k(X0)
Γ) =
Trdeg(k(X)Γ). 
Proposition 1.2.5. Let X be a G-variety, then cU (X) = cB(X) + rk(X).
Proof. Replacing X wih an open G-stable subset and using Rosenlicht’s Theorem,
we have morphisms X → X ′ → X ′′ with fiber the U -orbits and the T -orbits so
the fibers of the composition are the B-orbits. We have dim(X ′) = cU (X) and
dim(X ′′) = cB(X). Now T acts on X
′ and the dimension of its orbits is the rank
of its weight lattice in k(X ′) which is also rk(X). So the fibers of the second map
X ′ → X ′′ are of dimension rk(X) and we get cU (X) = cB(X) + rk(X). 
Example 1.2.6. Quasi-homogeneousG-varieties do not always admit finitely many
G-orbits. For example, consider X = P(M2(k)) the projective space over the space
of square matrices of size 2. The group G = SL2(k) acts by left multiplication
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and has a dense orbit: the locus where the determinant is not vanishing therefore
cG(X) = 0. However, for v ∈ k2 with v 6= 0, the variety Yv = {[M ] ∈ X | v ∈
KerM} is stable under the G-action so that we must have infinitely many G-orbits.
Let B be the Borel subgroup of upper triangular matrices. The B-complexity is
cB(X) = 1. Indeed, the open subset of rank 2matrices is covered by a 1-dimensional
family of 2-dimensional B-orbits:
X[v] = {[M ] ∈ X | [Mv] is B-stable},
with v ∈ k2 and [v] ∈ P1 its class. We also have the equalities cU (X) = 2 and
rk(X) = 1.
As the above example suggests, in order to get a nice behaviour with respect
to the number of orbits, one needs to consider the B-complexity for B a Borel
subgroup of G.
Definition 1.2.7. A spherical variety is a normal G-variety with cB(X) = 0.
Remark 1.2.8. 1. A G-variety is spherical iff it is normal with a dense B-orbit.
2. For a spherical variety, the rank is the minimal codimension of a U -orbit.
Theorem 1.2.9. A spherical G-variety X has finitely many B-orbits.
This theorem is a direct consequence of the following proposition.
Proposition 1.2.10. Let X be a G-variety and Y be a closed B-stable subvariety,
then cB(Y ) ≤ cB(X).
Proof. Write c for cB . Let Y ⊂ X be closed and B-stable. We prove c(Y ) ≤ c(X).
We start with a G-orbit Y . Let X0 be an open affine B-stable subvariety of X
with X0 ∩ Y 6= ∅ and a such that the restriction map
k[X0]
(B) → k[X0 ∩ Y ]
(B)
is surjective. Such an open subset exists by Proposition 1.1.5 (in positive charac-
teristic, replace in what follows u′ and v′ by p-th powers). Now let f ∈ k(Y )B,
we can write f = u/v with u, v ∈ k[X0 ∩ Y ](B) having the same weight. There
exist u′, v′ ∈ k[X0]
(B) such that u′|Y = u and v
′|Y = v. We get (u
′/v′)|Y = f .
It follows that the transcendence degree of k(X)B is bigger than or equal to the
transcendence degree of k(Y )B so c(X) ≥ c(Y ).
Now let Y be any closed B-stable subset. We prove that c(Y ) ≤ c(GY ) and
conclude by the previous argument. Recall that G is generated by the minimal
parabolic subgroups strictly containing B. We therefore only need to prove that
c(Y ) ≤ c(PY ) for any minimal parabolic subgroup P .
Consider the contracted product P ×B Y defined as the quotient of P × Y by
the action of B defined by b · (p, y) = (pb, b−1y). The projection on the first
factor induces a morphism P ×B Y → P/B which is P -equivariant, locally trivial
for the Zariski tolopogy (it is trivial on the open subset (U− ∩ P )B/B where
U− is the unipotent radical of B−) with fiber isomorphic to Y . In particular
dimP ×B Y = dimY + 1.
The map π : P ×B Y → PY, [p, y] 7→ py is surjective. It is also proper since it
can be viewed as the restriction of the projection P ×B X → X . In particular PY
is closed and dimPY ≤ dimY + 1. Assume that PY 6= Y (otherwise we trivially
get c(Y ) ≤ c(PY )). Then the map π is generically finite so c(P ×B Y ) = c(PY ).
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Now let p ∈ P \ B, the orbit BpB/B is dense in P/B and if we set Bp =
B ∩ pBp−1, we have an isomorphism BpB/B ≃ B/Bp. Consider the contracted
product B×Bp Y . We have an embedding B ×BP Y → P ×B Y defined by [b, y] 7→
[bp, y]. Its image is p−1(BpB/B) therefore B-invariant and open. In particular
c(P ×B Y ) ≥ c(B ×Bp Y ). But any B-orbit in B ×Bp Y is of the form B ×Bp Z for
Z a Bp-orbit in Y . In particular c(B ×
Bp Y ) = cBp(Y ) where we write cBp(Y ) for
the minimal codimension of a Bp orbit in Y . In particular cBp(Y ) ≥ c(Y ) so that
we get
c(PY ) ≥ c(P ×B Y ) ≥ c(B ×Bp Y ) = cBp(Y ) ≥ c(Y ).
This completes the proof. 
Example 1.2.11. The assumption that X is a G-variety is important. Recall
Example 1.2.6 where X = P(M2(k)) is the projective space over the vector space
of 2× 2 matrices. For v ∈ k2 with v 6= 0, let Z = X[v] be the closure of the B-orbit
X[v] = {[M ] ∈ X | [Mv] is B-stable}.
Then Z contains the subvariety
Y =
{[(
a b
0 0
)]
∈ X
∣∣ a, b ∈ k}
whose points are fixed by B. In particular, we have cB(Z) = 0 and cB(Y ) = 1 so
cB(Y ) > cB(Z) even if Y ⊂ Z.
As a consequence we obtain equivalent definitions of spherical varieties.
Theorem 1.2.12. Let X be a normal G-variety. The following are equivalent
1. X is spherical.
2. X has finitely many B-orbits.
3. k(X)B = k.
Proof. (1. ⇒ 2.) Follows from the previous theorem.
(2. ⇒ 3.) Any function f ∈ k(X)B is constant on B-orbits. Since X has finitely
many B-orbits, there must be a dense orbit thus f is constant on X .
(3. ⇒ 1.) We know that cB(X) = Trdeg(k(X)B) = Trdeg(k) = 0. 
We also mention the following equivalent definition of spherical varieties which
is more intrisic since it does not use Borel subgroups but we need instead to con-
sider all birational models. We refer to [32, Theorem 2.1.2] for a proof and to
[41, Definition-Theorem 25.1] or [17, Section 2] for more equivalent definitions of
spherical varieties.
Theorem 1.2.13. A normal G-variety is spherical if and only if all its G-equivariant
birational models have finitely many G-orbits.
1.3. Structure of B-orbits. The set of B-orbits in a spherical variety beeing
finite, it is a useful combinatorial invariant.
Definition 1.3.1. The set of B-orbits in a G-variety X will be denoted by B(X).
The set of B-orbit closures will be denoted by B(X).
Remark 1.3.2. There is a bijection between B(X) and B(X) given by Y 7→ Y ,
the reverse inclusion is given by taking the dense B-orbit.
SANYA LECTURES ON THE GEOMETRY OF SPHERICAL VARIETIES 7
Definition 1.3.3. The sets B(X) and B(X) are posets for the Bruhat order ≤
defined by Y ≤ Z if Y ⊂ Z.
Example 1.3.4. For rational homogeneous spaces, for example G/B, the above
Bruhat order coincides with the classical Bruhat order on the Weyl group W of G:
the covering relations for this order are of the form u ≤ v if there exists a reflection
t with v = tu and ℓ(v) > ℓ(u).
One can define another order on B(X) and B(X): the weak Bruhat order.
Definition 1.3.5. The weak Bruhat order is defined by its covering relations. For
a pair (P, Y ) with P a minimal parabolic subgroup containing B and Y ∈ B(X)
such that Y ( PY , we say that P raises Y and write Y ≺ PY . These are the
covering relations of the weak Bruhat order.
Example 1.3.6. Again this generalises the weak Bruhat order on rational homo-
geneous spaces: the covering relations for this order are of the form u ≤ v if there
exists a simple reflection s with v = su and ℓ(v) > ℓ(u).
For a given covering relation Y ≺ PY , consider the morphism π : P×BY → PY .
It is a proper morphism. Denote by O and O′ the dense B-orbits in Y and Y ′ = PY .
In the next proposition, the symbol O′′ stands for another B-orbit.
Proposition 1.3.7. If X is spherical, then one of the following occurs:
• Type (U): PO = O ∪ O′ and π is birational.
• Type (N): PO = O ∪ O′ and π has degree 2.
• Type (T): PO = O ∪ O′ ∪ O′′ with dimO′′ = dimO and π is birational.
In type (U), we have rk(O′) = rk(O), while in type (N) and (T), we have rk(O′) =
rk(O) + 1 = rk(O′′) + 1.
Proof. If O is the dense B-orbit in Y and for x in O, write Px for the stabiliser of
x in P . The B-orbits in PO are in bijection with the Px-orbits in P/B and the
correspondence is given as follows:
Px[g]↔ Bg
−1x.
Now let H be the image of Px in Aut(P/B) ≃ PGL2(k). Since c(PO) = 0 we
have finitely many such orbits thus H has a dense orbit in P/B and dimH ≥ 1.
Consider the following subgroups of PGL2(k): T0 is the maximal torus of diagonal
matrices, U0 is the maximal unipotent subgroup of upper triangular matrices with
1 on the diagonal, B0 = T0U0 and N0 is the normaliser of T0. It is an easy exercice
to prove that any positive dimensional subgroup of PGL2(k) is conjugated to either
PGL2(k) itself, T0, N0 or ZU0 with Z a subgroup of T0.
Note that the first case is not possible: since P raises Y , PO contains at least
two B-orbits O and O′ while H ≃ PGL2(k) has a unique orbit on P/B ≃ P
1. We
are left with the last three cases which we call type (T), type (N) and type (U)
respectively.
In type (U), the group U0 has two orbits on P/B and ZU0 ⊂ B, therefore we
have only two orbits O and O′. In type (N) as well, H ≃ N0 has only two orbits
therefore there are two orbits while in type (T) there are three T0 orbits therefore
three B-orbits in PO.
Now we compute the degree of the map π (note that π has to be generically
finite). For this it is enough to compute Py for a general y ∈ O
′ i.e. for y = p0x
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with p0 ∈ P general. One easily checks that the fiber π−1(y) over y is given by
{[p0g, x] ∈ P×BY | g ∈ Px} and this set is isomorphic to p0 ·(Px/Bx). Furthermore
the stabilisers are as follows:
(Px)[g] = P[g] ∩ Px = g(P[1] ∩ Pg−1x)g
−1 = g(B ∩ Pg−1x)g
−1 = gBg−1xg
−1.
This implies that the closed B-orbit B ·x in PO is in correspondence with the closed
Px-orbit Px/(Px)[1] = Px/Bx in P/B. In particular, Px/Bx is a closed Px-orbit in
P/B. In type (U) there is a unique such orbit having one element, in type (T) there
are two such orbits both with one element while in type (N) there is a unique such
orbit with two elements.
We are left with the rank computation. We need to determine the part of T
contained in the stabiliser. The stabiliser of x is B ∩ Px while the stabiliser of a
general element is B ∩ g−1Pxg. This stabiliser is conjugated to the stabiliser of the
action of Px on [g] ∈ P/B which equals gBg−1∩Px. We therefore need to compute
in each case the part of T contained in the stabiliser. We get that in type (U),
the stabilisers of the closed and open orbits contain the same part of T , while in
type (N) and (T), the intersection of the stabiliser of the open orbit with T is of
dimension one less than the intersection of the stabiliser of the closed orbits with
T . This concludes the proof. 
Definition 1.3.8. The graph Γ(X) has B(X) as set of vertices and has a P -edge
of type (U), (T) or (N) for each covering relation Y 4 PY of this type.
Example 1.3.9. For projective rational homogeneous spaces, the graph Γ(X) is
connected, has only edges of type (U) and has only one maximal and one minimal
element. This graph is called the Bruhat graph or the Hasse diagram.
More precisely, if P ⊂ G is a parabolic subgroup. Denote W,WP the Weyl
groups of G and P and let WP ⊂ W be the set of minimal length representatives
of W/WP . Then the Bruhat decomposition induces a bijection between B(G/P )
and WP , there is an edge between u and v if and only if v = su and ℓ(v) > ℓ(u)
with s a simple reflection. All edges are of type (U).
Example 1.3.10. Let G = SL2(k). We describe here most of the spherical SL2(k)-
varieties. It is easy to check that a spherical subgroupH is conjugated to a subgroup
of the following form: SL2(k), B0 a Borel subgroup of G, T0 a maximal torus,
N0 = NG(T0) or ZU0 with U0 a maximal unipotent subgroup and Z a subgroup of
T0. We refer to [17, Examples 3.4, 6.10, 8.19 and 8.20] for more details.
1. If H = B0, then G/H ≃ P1 is complete and this is the unique embedding.
There is a unique B0-fixed point raised with type (U) to G/H .
2. If H = T0, then G/H has a unique non trivial embedding given by P
1×P1.
There are two B0-stable not G-stable divisors P
1×{0} and {0}×P1. Both
are raised with type (T).
3. If H = N0, then G/H has a unique non trivial embedding given by P
2.
There is a unique B0-stable not G-stable divisor given by a line which is
raised with type (N).
4. If H = ZU0 and Z is finite of order n, then there is a unique toroidal
complete embedding: the ruled rational surface p : PP1(OP1⊕OP1(n))→ P
1.
There are three B0-stable not G-stable divisors: two sections of the map p
and a fiber of p. All of them are raised with type (U).
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Example 1.3.11. Let G = GL3(k) and H be the subgroup of matrices of one of
the following forms: 
 ⋆ 0 ∗0 ⋆ ∗
0 0 ⋆

 or

 0 ⋆ ∗⋆ 0 ∗
0 0 ⋆


where ∗ represents an arbitrary element in k and ⋆ represents an arbitrary element
in k×. Let X = G/H , it is a G-spherical variety of dimension 4 and one can check
that Γ(X) has the following form:
X
Y4Y3
Y1 Y2
Y
2
1
2 1
2
1
P1-edges of type (U)
P2-edges of type (U)
P2-edges of type (N)2
2
1
P1-edges of type (N)1
Graph Γ(X)
The above example is obtained via a more general process called parabolic in-
duction (see Subsection 1.5).
Corollary 1.3.12. Let Y ∈ B(X) and Pα1 , · · · , Pαℓ be a sequence of minimal
parabolic subgroups. For i ∈ [0, ℓ], set Yi = Pαi · · ·Pα1Y . Assume that Pαi raises
Yi−1 to Yi for all i. Let ℓN and ℓT be the number of edges of type (N) and (T).
1. Then the product w = sαℓ · · · sα1 is reduced (of length ℓ).
2. We have rk(Yℓ)− rk(Y ) = ℓN + ℓT .
3. The map BwB ×B Y → Yℓ is surjective generalically finite of degree 2ℓN .
Proof. 1. Note that BsiYi−1 is dense in Yi, for all i. In particular BsαℓB · · ·Bsα1Y
is dense in Yℓ. Since dimYℓ = dimY + ℓ we must have dim(BsαℓB · · ·Bsα1B) = ℓ
proving the result.
2. This directly follows from the fact that the only edges raising the rank (by
one) are those of type (T) and (N).
3. On the one hand, since the expressionw = sαℓ · · · sα1 is reduced, the morphism
Pαℓ ×
B · · ·×B Pα1 → BwB is birational, thus the map BwB×
B Y → X has image
Yℓ. On the other hand, the raising maps Pαi ×
B (Pαi−1 · · ·Pα1Y ) = Pαi ×
B Yi−1 →
Yi = Pαi · · ·Pα1Y are generically finite of degree 2 if and only if the corresponding
edge is of type (N) (and otherwise birational). Now the composition of these maps
is Pαℓ ×
B · · · ×B Pα1 ×
B Y → Yℓ and has degree 2ℓN . But this map generically
factors through BwB ×B Y → Yℓ proving the result. 
1.4. Normality criteria. Some geometric properties of the orbit closures can be
detected on Γ(X).
Proposition 1.4.1. Assume that P1 and P2 raise Y to Y1 and Y2 with type (U)
or (T) and (N) respectively and that P2 raises Y1 to Y3 with type (U) or (T), then
Y3 is not normal along Y2.
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Y3
Y1 Y2
Y
2
2
1
P1-edges of type (U) or (T)
P2-edges of type (U) or (T)
P2-edges of type (N)2
2
1
Graph Γ(X)
Proof. The morphism P2×BY1 → Y3 is birational while its restriction P2×BY → Y2
has non connected fibres. Zariski Main Theorem gives the conclusion. 
Example 1.4.2. Recall Example 1.3.11. By the above result the orbit closure Y3
is not normal and singular along Y2.
As Proposition 1.4.1 shows, in some cases, the existence of edges of type (N) is
the graph Γ(X) prevents some orbit closures from being normal. If there is no edge
of type (N), Brion in [9] proved the following general result.
Definition 1.4.3. A B-orbit O ∈ B(X) is called multiplicity-free if there is no
edge of type (N) in the full subgraph of Γ(X) with vertices the elements O′ < O.
In this case, the orbit closure Y = O is also called multiplicity free.
Theorem 1.4.4. Let Y ∈ B(X) be multiplicity-free and assume that for Y ′ < Y ,
the variety Y ′ contains a G-orbit if and only if Y ′ = GY . If GY is normal, Cohen-
Macaulay or has a rational resolution, then so does Y .
Remark 1.4.5. If char k = 0, the variety GY is always normal, Cohen-Macaulay
and has a rational resolution (see [32, Corollary 2.3.4]).
Example 1.4.6. Let X = G/P with P a parabolic subgroup of G. The B-orbits
in X are the Schubert varieties BwP/P for w ∈W/WP and one easily checks that
the graph Γ(X) has only edges of type (U). In particular, since G/P is smooth
and since Schubert varieties contain no G-orbit, we get that Schubert varieties are
normal with rational singularities.
1.5. Parabolic induction. In this subsection we explain a general process to de-
duce the graph Γ(X) from the graph of a smaller spherical variety Z.
Let P be a parabolic subgroup of G and L be its Levi subgroup containing T .
Let Z be a spherical L-variety and define X = G ×P Z where P acts on Z via its
projection onto L = P/Ru(P ). Denote by W,WP the Weyl groups of G and P and
by WP ⊂ W the set of minimal length representatives of W/WP . Recall that the
graph Γ(G/P ) has WP as vertices and only edges of type (U).
Theorem 1.5.1. Let X be as above.
1. The variety X is G-spherical.
2. The map B(Z)×WP → B(X) defined by (Y,w) 7→ Bw · Y is bijective.
3. Let α ∈ S and β = w−1(α). Then Pα raises (w, Y ) if and only if the following
alternative occurs:
(a) β is positive but not a simple root of P .
(b) β or −β is a simple root of P and (Pβ ∩ L) raises Y to Y ′.
In case (a), we have an edge between (w, Y ) and (sαw, Y ) of type (U). In case (b),
we have an edge between (w, Y ) and (w, Y ′) of the same type as the one between Y
and Y ′.
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Proof. Let B ⊂ P be a Borel subgroup. We have B = Ru(P )(B ∩ L) and B ∩ L is
a Borel subgroup of L. Recall the characterisation: w ∈ WP ⇔ w(B ∩ L) ⊂ Bw.
Let w ∈ WP and z ∈ Z. Let [w, z] ∈ X be the class of (w, z). By the above
consideration, we have B · [w, z] = {[bw, b′ · z] | b ∈ B and b′ ∈ B ∩ L} = B · [w, z′]
for all z′ ∈ (B ∩L) · z. In particular this B-orbit only depends on the (B ∩L)-orbit
of z. By the Bruhat decomposition G =
∐
w∈WP BwP , any B-orbit in X is of the
form B · [w, z]. This proves statements 1. and 2.
3. First note that if Pα raises B · [w, z] to B · [w′, z′], then BwP/P and Bw′P/P
are contained in PαwP/P and the latter is dense in PαwP/P . In particular w
′ ∈
{w, sαw} and w′ ≥ w.
Assume that BwP/P is not dense in PαwP/P . this is equivalent to w < w
′ =
sαw ∈WP . This is then equivalent to w−1(α) being positive but not being a simple
root of P . Applying the above we get Pα · [w, z] = {[pw, b′ · z] | p ∈ Pα and b′ ∈
B ∩ L}. In particular the fibers of the morphisms Pα · [w, z] → PαwP/P and
B · [w, z] → BwP/P are isomorphic to (B ∩ L) · z. We thus have a cartesian
diagram
Pα ×B B · [w, z] //

Pα · [w, z]

Pα ×B BwP/P // PαwP/P.
In particular in case (a), the edge has the type of an edge in G/P and is therefore
of type (U).
Assume now that BwP/P is dense in PαwP/P , thus w
′ = w. Note that if
sαw ∈ WP , then we are in the previous situation (with w and sαw exchanged)
and Pα is not raising B · [w, z]. We may therefore assume sαw 6∈ W
P which is
equivalent to w−1(α) or −w−1(α) being a simple root of P . Set β = w−1(α) and
assume β > 0, the other situation is symmetric. Then BwB is contained in the
closure of BsαBwB. Let Lβ be the minimal parabolic of L associated to β, and
set Y = (B ∩ L) · z. Identifying Z with P ×P Z, we have
Pα · [w, z] = BsαBwY = BsαwY = BwsβY = BwBsβY = BwLβY .
In particular, Pα raises (w, Y ) if and only if Lβ raises Y say to Y
′. Now we are left
to prove that both edges are in of the same type.
We give two proofs. First a direct proof : one easily checks the isomorphisms
BwLβ ×(B∩L) Y ≃ Pαw(B ∩ L) ×(B∩L) Y ≃ Pα ×B BwY , the last one given by
[pw, y] ↔ [p, wy]. Therefore the map π : BwLβ ×
(B∩L) Pα ×
B BwY → BwLβ is
obtained by multiplication with Bw from Lβ ×(B∩L) Y → LβY proving the result.
Otherwise, remark that there are two chains of raising from Y to BwY ′. The
first chain raises Y to BwY with only edges of type (U) by the above and a last
edge raising to BwY ′ of the type we want to find. The second chain starts with the
raising from Y to Y ′ of a given type (U), (N) or (T) and a chain of edges raising
from Y ′ to BwY ′ all of type (U) again. If the edge between Y and Y ′ is of type
(U) the rank of BwY ′ must be the same as the rank of Y and the edge between
BwY and BwY ′ must also be of type (U). If not, then the edge is of type (T) or
(N). But the degree of the map BsαwB×B Y → BwY ′ is 2a where a is the number
of edges of type (N) on any path from Y to BwY ′ (Corollary 1.3.12). Therefore,
the two unknown edges are either both of type (N) or both of type (T). 
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Example 1.5.2. Recall the notation of Example 1.3.11. Consider the group G =
GL3(k) and the subgroup H of matrices of one of the following forms:
 ⋆ 0 ∗0 ⋆ ∗
0 0 ⋆

 or

 0 ⋆ ∗⋆ 0 ∗
0 0 ⋆


and let P be the parabolic subgroup of matrices of the form
 a b ∗c d ∗
0 0 ⋆

 ,
here ∗ ∈ k, ⋆ ∈ k× and ad − bc ∈ k×. The quotient P/H is isomorphic to Z =
SL2(k)/N where N is the normaliser of the maximal torus in SL2(k). The variety
X = G/H is obtained by parabolic induction from Z: we have X ≃ G×P P/H ≃
G ×P Z. Its graph Γ(X) can therefore be obtained from the graphs of G/P ≃ P2
and Z = SL2(k)/N . These later graphs are as follows:
••
Graph Γ(Z)
1 • • •
Graph Γ(G/P )
2 1
edges of type (U)
edges of type (N)
It is now easy to deduce the graph Γ(X) as claimed in Example 1.3.11:
X
Y4Y3
Y1 Y2
Y
1
2
1 2
1
2
P1-edges of type (U)
P2-edges of type (U)
P2-edges of type (N)2
2
1
P1-edges of type (N)1
Graph Γ(X)
1.6. Complements. There are many more results on the structure of B-orbits.
In particular, Richardson and Springer give in [35, 36] a combinatorial description
of the graph Γ(X) for X a symmetric. There are very few other descriptions of
these graphs, see for example [33] and [18]. See also [1] and [2] for results on the
normality of B-orbit closures.
We describe here more structure on the set B(X), namely, the Weyl groupW acts
on B(X). For α a simple root and O ∈ B(X), let sα be the corresponding simple
reflection and P = Pα the corresponding minimal parabolic subgroup. Define an
action of sα as follows:
• If P · O = O, then sα ⋆ O = O;
• If P raises O with type (U), then P · O = O ∪ O′. We set sα · O = O
′ and
sα ⋆ O
′ = O;
• If P raises O with type (T), then P ·O = O∪O′∪O′′ with O′ dense in P ·O.
We set sα · O = O′′, sα ⋆ O′′ = O and sα ⋆ O′ = O′;
• If P raises O with type (N), then P · O = O ∪ O′. We set sα ⋆ O = O and
sα ⋆ O
′ = O′.
Knop [24] proves that this extends to an action of the full Weyl group W of G.
Theorem 1.6.1. The above action of sα extends to an action of W on B(X).
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We finish with the following result.
Proposition 1.6.2. Spherical varieties are rational.
Proof. Let G/H be a spherical homogeneous space and let B be a Borel subgroup
such that B/B ∩ H is dense in G/H . It is enough to prove that a quotient B/K
is rational for any connected solvable group B and any subgroup scheme K. We
proceed by induction on (dimB, dimB/K) with the lexicographical order. Pick Z
a connected one dimensional normal subgroup of B. Such a group always exists.
Indeed, if the unipotent radical of B is trivial then B is a torus and pick for Z any
one dimensional subgroup. Otherwise, pick for Z a one dimensional subgroup of the
center of the unipotent radical U of B (this center is non trivial and such a subgroup
exists for example by [4, Theorem 10.6(2)]). If Z ⊂ K then quotienting by Z we
conclude by induction on dimB. Otherwise, we have a fibration B/K → B/KZ
obtained after quotienting by the action of Z via left multiplication (recall that Z is
normal and that KZ is the subgroup scheme generated by K and Z). The fiber of
this fibration is Z/(Z ∩ K) which is a connected group of dimension 1. Since
any connected solvable group is special (see [38, Proposition 14]) the fibration
B/K → B/KZ is locally trivial and since B/KZ is rational (by induction on
dimB/K) the result follows. 
2. Local structure theorems
From now on, we assume char(k) = 0. We start with a structure theorem for
G-modules and deduce a structure theorem for G-varieties. Later on we apply these
results to spherical varieties.
2.1. Local structure for G-varieties. Let V be a G-module and let Y be a closed
orbit of P(V ). The stabiliser of any point in Y is a parabolic subgroup of G because
Y is projective. Furthermore, there exists an element y ∈ Y such that By is open
and dense in Y . Recall the following facts.
Fact 2.1.1. Let v ∈ V such that [v] = y.
1. There exists a B-eigenvector η ∈ (V ∨)(B) such that 〈η, v〉 = 1.
2. Gy and Gη are opposite parabolic subgroups and we have B · y = Gη · y.
Set P = Gη and L = P ∩ Gy. The group L is reductive and is a maximal
reductive subgroup of both P and Gy. Denote by Ru(P ) the unipotent radical
of P , we have P = LRu(P ). The subset P(V )η where η does not vanish is open
P -stable and contains P · y.
Proposition 2.1.2. There exists a closed L-subvariety S of P(V )η containing y
such that the morphism
Ru(P )× S → P(V )η
defined by (p, x) 7→ px is a P -equivariant isomorphism.
Proof. We first reduce to the case of simple modules. Denote by 〈G · v〉 and 〈G · η〉
the G-submodules of V and V ∨ spanned by v and η. Note that 〈G·v〉 is simple while
〈G ·η〉 is isomorphic to its dual. The orthogonal 〈G ·η〉⊥ is therefore of codimension
dim〈G · v〉 in V and in direct sum with 〈G · v〉. We thus get a decomposition
V = 〈G · v〉 ⊕ 〈G · η〉⊥. The projection p from 〈G · η〉⊥ onto P〈G · v〉 defines a
rational G-equivariant morphism p : P(V )η → P〈G · v〉. This morphism restricts to
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the identity on Y since Y ⊂ P〈G · v〉. If the statement is true for 〈G · v〉, then there
exists S as above and we get the Cartesian diagram
Ru(P )× p−1(S)
p

// P(V )η

Ru(P )× S // P〈G · v〉.
Since the bottom horizontal arrow is an isomorphism, the same is true for the top
horizontal arrow and the result follows.
We are left to prove the result for V simple. Let Tv = Tv(G · v) be the tangent
space of G · v at v. We consider Tv as a vector subspace of V . Since v is a Gy-
eigenvector, the group Gy acts on Tv. Since the weight of v as an eigenvector is
non trivial (otherwise V would be trivial), the space Tv contains the line kv.
The space Tv is thus a sub-L-representation of V and since L is reductive there
is a decomposition
V = Tv ⊕ E
with E a representation of L. Define S = P(kv ⊕ E)η. This is a closed subvariety
of P(V )η which is stable under L and contains y. Note that S is isomorphic to the
affine space y+E and that S meets Y tranversaly in y: indeed, the tangent spaces
of Y and S at y are Tv/kv and E which are supplementary in V/kv. Also note that
the variety P(V )η has a unique closed T -orbit: the fixed point y, since V is simple
with lowest weight λv.
Consider Ru(P ) × S as a T -variety via the action t · (p, z) = (tpt−1, t · z). We
also have that Ru(P )× S has a unique closed T -orbit: the fixed point (e, y), since
it has lowest weight for the T -action.
Consider the multiplication morphism m : Ru(P ) × S → P(V )η. We want to
prove that this morphism is an isomorphism. We first claim, that the differential
d(e,y)m is injective.
Let ru(P ) be the Lie algebra of Ru(P ). We know that Py = Ru(P )Ly = Ru(P )y
is open in Y = G · y therefore the morphism Ru(P )× kv → Y is dominant and its
tangent map ru(P )×kv → TyY is surjective. We get the equality TyY = ru(P )v/kv.
The same argument gives Tv(G · v) = ru(P )v + kv.
Furthermore, since η is fixed by Ru(P ), we have 〈η, pv〉 = 〈p−1η, v〉 = 〈η, v〉 = 1
for all p ∈ Ru(P ) and therefore η is constant on Ru(P )y. This implies by derivation
that η vanishes on ru(P )v. In particular ru(P )v and kv are complement and Tv(G ·
v) = ru(P )v ⊕ kv. This also implies the equality TvV = kv ⊕ ru(P )v ⊕ E.
These equalities lead to the identifications of S and P(V )η with the affine spaces
v+E and v+(ru(P )v⊕E). The morphism m is given by m((p, (v+x)) = p ·(v+x).
We may now compute the differential: d(e,v)m(ξ, x) = v + ξ · v + x for ξ ∈ ru(P )
and x ∈ E. Indeed, the first two terms come from the differentiation of the action
of Ru(P ) on v while the second term comes from the differential of the action on
E which is linear.
We are left to prove that the map ru(P ) → ru(P )v given by the action on v is
injective. This is true since the intersection of Ru(P ) with the stabiliser Gy of y is
trivial thus Ru(P ) acts freely on y and v thus by differentiation the same is true
on the Lie algebra level.
Let Z be the locus in Ru(P )×S where the differential ofm is not surjective. This
is a closed subset of Ru(P )×S. If Z is non empty, then it contains a closed T -orbit
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which has to be (e, y), a contradiction. The morphism m : Ru(P ) × S → P(V )η is
therefore open.
Let Z be the complement of the image, then Z is closed and T -stable. If it is
non empty, then it contains a closed T -orbit which has to be y, a contradiction.
Thus m is surjective.
Thus m is a covering but since both varieties are affine spaces which are simply
connected, the map m is an isomorphism. 
Example 2.1.3. Consider V = Mn(k) and G = GLn(k) × GLn(k) acting via
(P,Q) ·M = PMQ−1. Consider Y the set of rank 1 matrices. It is the only closed
subvariety stable by G and let y = [M ] ∈ Y with
M =


1 0 · · · 0
0 0
. . .
...
...
. . .
. . . 0
0 · · · 0 0


and η the linear form defined by η(ai,j) = a1,1. If P is the stabiliser of η, we have
P =
{((
A 0
C D
)
,
(
A′ B′
0 D′
)) ∣∣ A,A′ ∈M1(k), D,D′ ∈Mn−1(k)}
Gy =
{((
A B
0 D
)
,
(
A′ 0
C′ D′
)) ∣∣ A,A′ ∈M1(k), D,D′ ∈Mn−1(k)} .
Setting
S =
{(
1 0
0 M
) ∣∣ M ∈Mn−1(k)} ≃Mn−1(k),
we have the isomorphism Ru(P )× S → P(V )η given by the action((
1 0
C 1
)
,
(
1 B′
0 1
)
,
(
1 0
0 M
))
7→
(
1 −B′
C′ M − C′B′
)
.
Remark 2.1.4. The above result enables to replace locally the study of quasi-
projective G-varieties to quasi-affine G-varieties and of projective G-varieties to
affine G-varieties.
2.2. Local structure for spherical varieties. For a spherical variety X , we
describe the local structure not only along projective orbits but along any G-orbit
Y . Recall that the set of B-stable prime divisors is finite. We define
D(X) = {D ⊂ X B-stable prime divisor},
∆(X) = {D ∈ D(X) | D is not G-stable},
DY (X) = {D ∈ D(X) | Y ⊂ D} and
∆Y (X) = {D ∈ ∆(X) | Y ⊂ D} = ∆(X) ∩DY (X).
Finally denote the set of B-stable prime divisors containing no G-orbit by
∆˚(X) = ∆(X) \
⋃
Y
∆Y (X) = D(X) \
⋃
Y
DY (X)
where Y runs in the set of G-orbits in X . Recall (for example from [17, Section 5
and Theorem 5.2]) the definition of the G- and B-charts XY,G and XY,B:
XY,B = X \
⋃
D∈D(X)\DY (X)
D and XY,G = GXY,B = {x ∈ X | Gx ⊃ Y }.
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A G-spherical variety is called simple if it has a unique closed G-orbit. Note that
XY,G is a simple spherical variety with unique closed orbit Y . Note also that XY,B
is the minimal B-stable affine open subset of X which intersects Y. Denote by P
the stabiliser of XY,B i.e. the set of elements g ∈ G with g ·XY,B = XY,B. This is
a parabolic subgroup containing B.
Lemma 2.2.1. Let D be the complement of XY,B in XY,G. Then OXY,G(D) is
Cartier and globally generated. The same is true for any of the sheaves associated
to an irreducible component of D
Proof. Modulo replacing G by a finite cover, we may assume that OXG,Y (D) is
G-linearised. In particular, the non Cartier locus and the locus where it is non
globally generated are G-stable. If these loci are non empty, they must contain
the only closed G-orbit: Y . But OXG,Y (D) is locally free and globally generated
outside D and therefore on an open subset of Y proving the assertion. The same
argument works for any irreducible component of D. 
Theorem 2.2.2. Keep notation as above.
1. There exists a Levi subgroup L of P and a closed subvariety S of XY,B with:
(a) The variety S is stable under L;
(b) The map Ru(P )× S → XY,B defined by (p, x) 7→ p · x is a P -isomorphism.
2. The variety S is affine L-spherical and S ∩ Y is a L-orbit with isotropy
subgroup Ly containing (L,L) the derived subgroup of L for any y ∈ S ∩ Y . The
subgroup Ly is independent of y. Denote it by LY .
3. There exists a closed LY -stable subvariety SY ⊂ S containing an LY -fixed
point such that the morphism
L×LY SY → S defined by [l, y] 7→ l · y
is aa L-equivariant isomorphism. The variety SY is affine LY -spherical of rank
rk(X)− rk(Y ).
Proof. Since XY,B is contained in XY,G we may assume that X = XY,G is simple.
1. We want to apply Proposition 2.1.2. Let D be the complement of XY,B
in X . We know that D is Cartier and globally generated therefore there exists a
canonical section η of the line bundle OX(D) given by OX
η
→ OX(D). This section
is an element of H0(X,OX(D)). We may assume, replacing G by a covering that D
is G-linearised thus G acts onH0(X,OX(D)). Let V
∨ be the G-submodule spanned
by η. We have a G-equivariant morphism (this is indeed a morphism since D is
globally generated):
ϕ : X → P(V )
defined by x 7→ [σ 7→ σ(x)] for σ ∈ V ∨ ⊂ H0(X,OX(D)). By definition of η, we
have XY,B → P(V )η. Note also that since P stabilises XY,B it also stabilises D
and thus η is a P -eigenfunction therefore P also stabilises [η] and P(V )η. The map
XY,B → P(V )η is therefore P -equivariant.
Since V is simple, the intersection of all translates gHη of the vanising divisor
Hη of η is empty. Therefore if Z is a closed orbit in P(V ), it will not be contained
in Hη. Choose z in the dense P -orbit of Z, then B
− · z is dense in Z. We may
apply Proposition 2.1.2 to get a closed L-stable subvariety S′ of P(V )η such that
the morphism Ru(P )× S
′ → P(V )η is a P -equivariant isomorphism. In particular
SANYA LECTURES ON THE GEOMETRY OF SPHERICAL VARIETIES 17
S′ meets the image of XY,B. Let S = ϕ
−1(S′). This is a closed L-stable subvariety
of XY,B and we have a Cartesian diagram
Ru(P )× S //
id×ϕ

XY,B
ϕ

Ru(P )× S′ // P(V )η.
This proves that the top map is an isomorphism.
2. We have finitely many B-orbits in XY,B since X is spherical thus B also has
finitely many orbits in Ru(P )×S. Recall that P = Ru(P )L thus B = Ru(P )(L∩B)
and L ∩ B is a Borel subgroup of L. Recall also that the action of P = Ru(P )L
on Ru(P )× S is given by ul · (u
′, x) = (ulu′l−1, l · x) thus B ∩L must have finitely
many orbits in S. Since XY,B is normal as an open subset of X , the variety S is
also normal thus S is L-spherical. It is an affine variety as closed subvariety of the
affine variety XY,B (see [17, Theorem 5.2]). The isomorphism from part 1 of the
theorem induces an isomorphism Ru(P ) × (S ∩ Y ) → Y ∩ XY,B. The right hand
side is a P -orbit and a B-orbit, thus S∩Y is an L-orbit and a (B∩L)-orbit as well.
Let y ∈ S ∩ Y . We have S ∩ Y = L · y = (B ∩ L) · y thus (B ∩ L)Ly = L.
Lemma 2.2.3. Let H be a closed subgroup of a connected reductive group G such
that G = HB for B a Borel subgroup of G, then H contains (G,G).
Proof. Since (G,G) is connected, we may assume H to be connected. First assume
G to be semisimple. Since G = HB, we have G/B = H/(B ∩ H). On the one
hand this implies rk(G) = rk(Pic(G/B)) = rk(Pic(H/(H ∩ B))) ≤ rk(H). On the
other hand dimUG = dimG/B = dimH/(H ∩B) ≤ dimUH where UG and UH are
maximal unipotent subgroups of G and H . We deduce dimH ≥ dimG and H = G.
For a generalG, let π : G→ G′ = G/R(G) be the quotient ofG by its radical. We
haveG′ = H ′B′ with H ′ = π(H) and B′ = π(B). Since G′ is semisimple, we deduce
G′ = (G′, G′) ⊂ H ′. Thus π|H is surjective and π((H,H)) = (G′, G′) = G′. Since
(H,H) ∩R(G) ⊂ (G,G) ∩R(G) is finite, we get dim(H,H) = dimG′ = dim(G,G)
thus (G,G) = (H,H) ⊂ H . 
We deduce that Ly contains (L,L). This implies that Ly does not depend on y.
Indeed, for l ∈ L, then Ll·y = lLyl
−1. For any h ∈ Ly we have lhl
−1h−1 ∈ (L,L) ⊂
Ly thus lhl
−1 ∈ Ly and Ll·y ⊂ Ly and by symmetry Ll·y = Ly. Denote by LY this
stabilisor. We have (L,L) ⊂ LY thus L/LY is a quotient of L/(L,L) which is a
torus.
3. The orbit S∩Y = L·y is thus isomorphic to the torus L/LY . Let (χ1, · · · , χn)
a basis of the group of characters of L/LY . Since S∩Y is closed in S which is affine,
we can extend these functions to functions (f1, · · · , fn) on S. We may furthermore
assume that these functions are (L ∩ B)-eigenfunctions of weights (χ1, · · · , χn).
These functions do not vanish on the closed orbit S ∩ Y in S thus they do not
vanish at all on S. These functions therefore define an L-equivariant morphism
ψ : S → (Gm)n ≃ L/LY . Let SY be the fiber over the identity element of this
morphism. The natural map defined by the action: L × SY → S factors through
L ×LY SY → S. This map is bijective. Indeed, if s ∈ S, then there exists l ∈ L
such that l¯ = ψ(s) and if l′ satisfies the same condition, then l′ = lh with h ∈ LY .
Define s 7→ [l, l−1s] ∈ L ×LY SY . This is well defined and an inverse map. But
since S is normal, this morphism must be an isomorphism.
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Finally rk(X)− rk(Y ) = rk(S)− rk(S ∩ Y ) = rk(S)− dim(L/LY ) = rk(SY ). 
2.3. G-stable subvarieties. We use the above result to prove that G-stable sub-
varieties in a spherical variety are again spherical. We start with classical results
on affine G-varieties, see [21, Theorem 9.4]
Fact 2.3.1. Let X be an affine G-variety, then k[X ]U is finitely generated.
Definition 2.3.2. For an affine G-variety X , define the quotient π : X → X//U
as the morphism induced by the inclusion k[X ]U → k[X ].
Many of the properties of X can be detected on X//U .
Proposition 2.3.3. Let X be an irreducible affine G-variety, then X is normal if
and only X//U is normal.
Proof. One easily checks that the field of fractions of k[X ]U is k(X)U (use that
U -modules always have invariants). If X is normal then so is X//U . Indeed k[X ] is
integrally closed in k(X) and thus k[X ]U is integrally closed in k(X)U . Conversely,
suppose that X//U is normal. Let π : X ′ → X be the normalisation of X . We
define a G-action on X ′. The morphism G×X → X induces a morphism G×X ′ →
G × X → X and since G × X ′ is normal it factors through X ′ so we have a
commutative diagram:
G×X ′ //

X ′

G×X // X.
Because this is an action on an open subset (where π is an isomorphism) and the
varieties are normal, this is an action. Thus we also have a quotient X ′//U and a
commutative diagram
X ′
π
//

X

X ′//U
π¯
// X//U
with X ′//U and X//U normal varieties with k(X ′)U = k(X)U so k[X ′]U and k[X ]U
have the same field of fractions. The algebra k[X ′] is the integral closure of k[X ] in
k(X) thus ideal
I = {f ∈ k[X ] / fk[X ′] ⊂ k[X ]}.
is non trivial. It is stable under the action of G and of U so it contains a U -invariant
non trivial element f ∈ k[X ]U . We get fk[X ′]U ⊂ k[X ]U . The subspace fk[X ′]U
is thus an ideal of k[X ]U and thus a finite k[X ]U -module. Therefore k[X ′]U is also
a finite k[X ]U -module but since X//U is normal we get k[X ′]U = k[X ]U . Finally
since the U -invariants determine the module (note that we use here the assumption
char(k) = 0 via representation theory) we get k[X ] = k[X ′]. 
Recall that a toric variety is a spherical T -variety where T is a torus.
Corollary 2.3.4. Let X be an irreducible affine G-variety. Then X is spherical if
and only if X//U is a toric variety.
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Proof. If X is normal so is X//U and the image of the dense B-orbit is a dense
T -orbit. Conversely if X//U is toric, then X is normal and the inverse image of the
dense T -orbit contains a dense B-orbit. 
Recall the following result on toric varieties.
Lemma 2.3.5. Let Y be a toric T -variety. Then any irreducible T -stable subvariety
is normal.
Corollary 2.3.6. Let X be a spherical G-variety, then any closed G-stable subva-
riety X ′ is again a spherical G-variety.
Proof. We only have to prove that X ′ is normal. By the local structure Theorem,
we may assume X affine. Then X//U is a normal affine toric variety and X ′//U is
a closed normal toric subvariety by the above lemma. The result follows. 
Remark 2.3.7. One can also prove that a spherical variety has Cohen-Macaulay
and even rational singularities (see [32, Corollary 2.3.4]).
Example 2.3.8. In positive characteristic, the above result is not true anymore.
Let char(k) = p > 0, let G = SL2(k) × G2m and let X = k
4. Write (x1, x2, y1, y2)
for the coordinates in X and write x = (x1, x2) resp. y = (y1, y2). Define a SL2(k)-
action via the usual action (g, x) 7→ g · x and (g, y) 7→ (F (g)T )−1 · y where F
denote the Frobenius map and F (g) is the matrix obtained by applying f to each
coefficient. Define the Gm action as (u, v) · (x, y) = (ux, vy) for (u, v) ∈ G2m and
(x, y) ∈ X . Then X is G-spherical.
Now set X ′ = V (xp1y1 + x
p
2y2). This is clearly G-stable and closed in X but its
singular locus contains Z = V (x1, x2) which has codimension 1 therefore X
′ is not
normal along Z and is not G-spherical.
2.4. Structure Theorem for toroidal varieties. Recall that a spherical variety
is toroidal if ∆˚(X) = ∆(X). For X toroidal, we set
∆X = ∪D∈∆(X)D.
Note that if X˚ is the dense B-orbit, we have
∆X = X \ X˚.
Let PX be the stabiliser of X˚ . It is also the stabiliser of ∆X and B ⊂ PX .
Theorem 2.4.1. Let X be spherical. The following conditions are equivalent.
1. The variety X is toroidal.
2. There exists a Levi subgroup L of PX only depending on the open G-orbit of
X and a closed subvariety Z of X \∆X stable under L such that the map
Ru(PX)× Z → X \∆X
is a PX -isomorphism. The group (L,L) acts trivially on Z which is a toric variety
for a quotient of L/(L,L). Any G-orbit meets Z along a unique L-orbit.
Proof. Assume that X is toroidal. First remark that ∆X is Cartier. Indeed this is
a local condition and can be checked on the simple spherical varieties XY,G for Y
any G-orbit. Then the restriction of ∆X to XY,G is Cartier by Lemma 2.2.1.
Now proceed as in the proof of Theorem 2.2.2 replacing D with ∆X , to obtain
a variety Z (called S in the proof of Theorem 2.2.2).
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The intersection of the dense G-orbit in X with X \∆X is the dense B-orbit X˚.
The intersection of the dense G-orbit in X with Z is thus X˚ ∩Z. It is a B∩L-orbit
and also a L-orbit. By Lemma 2.2.3 we get that (L,L) acts trivially on Z which
has to be a toric variety under the action of a quotient of L/(L,L).
Let Y be a G-orbit in X . Then Y is not contained in ∆X therefore Y ∩ (X \∆X)
is dense in Y and Ru(PX)(Z ∩Y ) is also dense in Y . But Z ∩Y is the closure of an
L-orbit. The variety Z is toric for some torus TZ . Let Z
′ be the above orbit. The
structure Theorem of spherical varieties applied to toric varieties gives a TZ′ -variety
SZ′ and an isomorphism
T ×TZ′ SZ′ → Z.
The orbit Z ′ therefore corresponds to a TZ′-fixed point s in SZ′ . Consider the
cone Cs(SZ′) associated to s (see for example [17, Section 6]) and choose a basis
(ρ(νD)) (over Q of this cone) given by LZ′ -stable divisors D. The affine chart
gives that s is the intersection of these divisors therefore Z ′ is the intersection of
divisorsD1, · · ·Dr of Z with r = codimZ(Z ′). Then each divisorXi = Ru(PX)Di is
irreducible B-stable and does not meet the dense G-orbit (this is true since Di does
not meets the dense L-orbit of Z). This implies that Xi is G-stable. Now consider
X ′ = Ru(PX)Z ′. It is a subvariety of codimension r in X which is contained in the
intersection of the Xi. Since ∆X contains no closed G-orbit the intersection of the
Xi has a dense open subset given by (
⋂
iXi)∩ (X \∆X). The variety X
′ has to be
an irreducible components of the intersection of the Xi and is thus G-stable. We
get X ′ = Y and Y ∩ (X \∆X) = Ru(PX)Z ′ thus Y ∩ Z = Z ′ proving the result.
Conversely, any G-orbit of X meets Z and thus is not contained in ∆X and
therefore is not contained in any B-stable but not G-stable divisor. 
Remark 2.4.2. Note that G(X \∆X) = X .
Corollary 2.4.3. The irreducible G-stable subvarieties of a smooth toroidal variety
are smooth, toroidal and transverse intersections of G-stable divisors.
Proof. We need to consider the closure Y of a G-orbit G · y. The above Structure
Theorem for toroidal varieties gives an isomorphism X \ ∆X ≃ Ru(PX) × Z and
any G-orbit meets Z along a unique L-orbit. Furthermore, Z is toric and smooth
therefore Y meets Z along a smooth toric subvariety Y ′ (see Lemma 3.2.5 for a
smoothness criterion for toric varieties). Then Ru(PX)×Y ′ is an open subset of Y
with G · Y ′ = Y thus Y is smooth and toroidal.
For the last assertion, Y ′ being a toric subvariety of the smooth toric variety Z,
it is a complete intersection of toric divisors and we get the result. 
3. Divisors and Picard group
In this section we describe, following results of Brion [5], the Picard group and
the group of Weil divisors of a spherical variety. We identify globally generated
and ample divisors and give a description of the canonical divisor. Recall that we
assume char(k) = 0.
3.1. Simple spherical varieties. Let us start with the following general result.
Lemma 3.1.1. Let G be an affine normal G-variety containing a unique closed
G-orbit Y . Then the restriction map Pic(X)→ Pic(Y ) is injective.
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Proof. Replacing G by a finite cover we may assume that any line bundle L on
X is G-linearised. If furthermore L has a trivial restriction to Y , then there is a
nowhere vanishing element s ∈ H0(Y, L|Y ). Since H0(Y, L|Y ) is a G-representation,
this element has to be a G-eigenfunction (the composition G → Y → A1 defined
by g 7→ s(g · y) with y ∈ Y is nowhere vanishing thus has to be a multiple of a
character). But we have a surjective map H0(X,L) → H0(Y, L) therefore we can
lift s to a section s′ ∈ H0(X,L)(G). The locus where s′ vanishes is then closed and
G-stable therefore either empty or containing Y . The last case is impossible thus
s′ is nowhere vanishing and L is trivial 
Remark 3.1.2. If char(k) = p > 0, we cannot lift s to a section s′ ∈ H0(X,L)
but only a power (in fact a pn-th power) of s i.e. there exists s′ ∈ H0(X,L⊗p
n
)
such that s′|Y = sp
n
. We obtain that the kernel of the map Pic(X) → Pic(Y ) is
p-divisible.
Let X be a simple spherical G-variety with closed orbit Y . Let (C,∆) be the
colored cone of X (see [17, Section 6]).
Theorem 3.1.3. With the above notation, we have:
1. Any Cartier divisor on X is linearly equivalent to∑
D∈∆˚(X)
nDD with nD ∈ Z.
2. The map C⊥ → Z∆˚(X), χ 7→
∑
D∈DB\DX
〈ρ(νD), χ〉D induces an exact
sequence:
C
⊥ → Z∆˚(X)→ Pic(X)→ 0.
3. A Cartier divisor is globally generated (resp. ample) if and only if it is a
linear combination
∑
D∈∆˚(X) nDD with nD ≥ 0 (resp. nD > 0) for all D.
Proof. 1. By the structure theorem for spherical varieties, there exists a parabolic
subgroup P and a closed subvariety S of XY,B such that XY,B is isomorphic to
Ru(P ) × S where Ru(P ) is the unipotent radical of P . If L is a Levi factor of P ,
then S is L-spherical affine with a unique closed orbit Y ∩ S which is isomorphic
to L/LY such that LY ⊃ (L,L). In particular S ∩ Y is a torus and Pic(Y ∩ S) is
trivial. By the above lemma we get that Pic(XY,B) is trivial.
So any divisor has support on the complement of XY,B. This is the union of the
divisors D ∈ ∆˚(X). By Lemma 2.2.1, these divisors are Cartier.
2. Let δ =
∑
D∈∆˚(X) nDD be linearly equivalent to zero. There exists f ∈ k(X)
with Div(f) = δ. Since δ is a union of B-stable divisors, the function f has to be a
B-eigenfunction. Furthermore, this function does not vanish on XY,B thus it does
not vanish uniformly on Y thus νD(f) = 0 (here νD is the valuation associated to
D, see [17, Section 4]) for divisors D containing Y . In particular the weight χ of f
lies in C⊥ proving that Div(f) is in the image of the left map of the above exact
sequence.
Conversely, let f ∈ k(X)(B) be such that the weight χ of f is in C⊥. The divisor
Div(f) has to be a linear combination of B-stable divisors not containing Y .
3. Let δ =
∑
D∈∆˚(X) nDD be a Cartier divisor and assume (by taking a covering
of G if necessary) that δ is G-linearised. If all nD are non negative, then δ is effective
and we can consider the canonical section η of this line bundle. We proved already
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that for V the G-module spanned by η we have V ⊗ OX → OX(δ) is surjective
(the locus where the map is not surjective is closed and G-stable thus is empty or
contains Y . But this locus is contained in divisors not containing Y ).
If all nD are positive, we want to prove that δ is ample. It is enough to prove that
there exists a collection (si) of sections of δ which span δ, such that Xsi is affine
and any element f in k[Xsi ] is of the form f = f
′/sni for some some n and some
f ′ ∈ H0(X,nδ) i.e. there are surjective morphism (⊕nH0(X,nδ))(si) → k[Xsi ]
giving an embedding on Xsi . As above, let η be the canonical section of δ. We
have Xη = XY,B. Since X = XY,G = GXY,B is it enough to prove our statement
for Xη = XY,B, the statement will follow for any Xgη via the action of g ∈ G. We
know that Xη is affine, let f ∈ k[Xη] = k[XY,B]. Since f is defined on this open
set, the divisor of poles of f is of the form
Div∞(f) =
∑
D∈∆˚(X), νD(f)<0
νD(f)D
thus for n large enough nδ+Div∞(f) is effective. Therefore η
nf is a global section
of nδ proving the result.
Conversely, assume first that δ is globally generated, then the exists s ∈ H0(X, δ)
with s|Y non trivial. We may choose for s a B-eigenfunction. We have f ∈ k(X)(B)
such that the effective divisor defined by s is of the form Div(f) + δ and does not
contain Y . Therefore it is a linear combinaison of elements in ∆˚(X) with non
negative coefficients.
If δ is ample, then the divisor nδ−
∑
D∈∆˚(X)D is globally generated for n large
enough and we may apply the previous result. 
Example 3.1.4. If X is simple and the closed orbit Y is complete, then C is of
maximal dimension and C⊥ = 0. In particular in this case Pic(X) = Z∆˚(X).
Example 3.1.5. For X = G/P with P a parabolic subgroup, we have Pic(X) =
Z∆˚(X). Furthermore ∆˚(X) is the set of Schubert divisors and is indexed by the
simple roots not in P .
3.2. Weil divisors. We now consider the group Cl(X) of Weil divisors on a spher-
ical variety X .
Theorem 3.2.1. Let X be a spherical variety.
1. Any Weil divisor on X is linearly equivalent to∑
D∈D(X)
nDD with nD ∈ Z.
2. The map Λ(X) → ZD(X), χ 7→
∑
D∈D〈ρ(νD), χ〉D induces an exact se-
quence:
Λ(X)→ ZD(X)→ Cl(X)→ 0.
Proof. 1. Consider the dense B-orbit X˚. We claim that Cl(X˚) = 0. This is a
consequence of the local structure Theorem. Indeed, let Y be the dense G-orbit.
The open affine subspace XY,B is X \ ∪D∈D(X)D since no divisor can contain Y .
The intersection of Y with XY,B is the dense B-orbit X˚. Now there exists P a
parabolic subgroup of G, a Levi factor L of P and S a closed L-subvariety such
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that XY,B ≃ Ru(P )× S. We get X˚ = Y ∩XY,B ≃ Ru(P )× (Y ∩ S). But Y ∩ S is
isomorphic to L/LY a torus, thus
X˚ ≃ Ru(P )× (L/LY )
which is a product of Ga and Gm thus Pic(X˚) is trivial. Since X˚ is an orbit thus
smooth the same holds for Cl(X˚). In particular, any Weil divisor has support on
the complement of X˚ which is the union of the divisors D ∈ D(X).
2. Let δ =
∑
D∈D(X) nDD be a Weil divisor linearly equivalent to zero. Then
there exists f ∈ k(X) such that Div(f) = δ. Since δ is a union of B-stable divisors,
the function f is a B-eigenfunction. Conversely, let f ∈ k(X)(B) of weight χ ∈
Λ(X). The divisor of f has to be a linear combination of B-stable divisors. 
Corollary 3.2.2. A simple spherical variety X with closed orbit Y is locally facto-
rial (respectively locally Q-factorial) if and only if for any D ∈ DY (X), there exists
χ ∈ Λ(X) (respectively χ ∈ Λ(X)Q) such that
〈ρ(νD′ ), χ〉 =
{
1 if D′ = D
0 if D′ 6= D.
In other words X is locally factorial (respectively locally Q-factorial) if and only if
the elements (ρ(νD))D∈DY (X) are part of a basis of Λ(X)
∨ (respectively of Λ(X)Q).
Theorem 3.2.3. Let X be a spherical variety.
(ı) The variety X is locally factorial if and only if for any G-orbit Y , the elements
(ρ(νD))D∈DY (X) form a part of a basis of Λ(X)
∨.
(ıı) The variety X is locally Q-factorial if and only if for any G-orbit Y , the
elements (ρ(νD))D∈DY (X) form a linearly independent subset of Λ(X)
∨
Q.
Proof. Since this is local we may assume that X is simple with closed orbit Y and
apply the previous result. 
Example 3.2.4. The above result gives a necessary but not sufficient condition
for smoothness. Indeed, let X be a smooth quadric of dimension at least 3. Let Xˆ
be the cone over X . Then Xˆ is a locally factorial but not smooth spherical variety.
For toroidal varieties local factoriality gives a sufficent smoothness condition.
Recall the following result on toric varieties.
Lemma 3.2.5. Let X be a toric variety, then X is smooth if and only if it is
locally factorial i.e. if and only if any of its cone is spanned by a basis of the
monoid Λ(X)∨.
Corollary 3.2.6. For X is toroidal, X is smooth if and only if it is locally factorial.
Proof. By the structure Theorem of toroidal varieties (Theorem 2.4.1), the open
subset X \∆X is isomorphic to Ru(PX)× Z with Z a toric variety. Therefore the
singularities of X \ ∆X are those of Ru(PX) × Z. This open subset is smooth if
and only if it is locally factorial. But X = G(X \∆X) concluding the proof. 
3.3. Picard group, the general case. Let X be a spherical variety. Recall that
any Weil divisor δ can be written in the form
δ =
∑
D∈D(X)
nDD.
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Lemma 3.3.1. The divisor δ is Cartier if and only if for any G-orbit Y of X,
there exists χδ,Y ∈ Λ(X) such that 〈ρ(νD), χδ,Y 〉 = nD for all D ∈ DY (X).
Proof. This follows directly from the case of simple spherical varieties and the fact
that the XY,G form a covering of X when Y runs over all G-orbits. 
Definition 3.3.2. Let X be a spherical variety.
1. Set CX = ∪Y CY (X) where the union runs over all G-orbits Y .
2. Define PL(X) the set of piecewise linear functions on CX as the subgroup
of functions l on CX such that, for any G-orbit Y , l|CY (X) is the restriction of an
element of Λ(G/H),
3. Define L(X) ⊂ PL(X) as the subgroup of linear functions i.e. of the form
(χ|CY (X))Y for some χ ∈ Λ(G/H).
Remark 3.3.3. We shall describe a function l in PL(X) or L(X) as a collection
(lY )Y of functions indexed by the G-orbits defined by lY = l|CY (X). Note that we
have (lZ)|CY (X) = lY , for any G-orbit Z with Z ⊂ Y .
Note that if maximal cones do not have maximal dimension in Λ(X)∨Q, then the
above elements lY do not determine functions on Λ(X)
∨
Q
Theorem 3.3.4. Let X be a spherical variety.
1. There is an exact sequence
C
⊥
X → Z∆˚(X)→ Pic(X)→ PL(X)/L(X)→ 0.
2. The group Pic(X) is of finite rank.
3. Pic(X) is free if there exists a complete G-orbit.
Proof. 1. By Lemma 3.3.1, for any Cartier divisor δ, we have a family lδ = (lδ)Y =
(χδ,Y )Y of characters indexed by the G-orbits. Note that the restriction condition
in Remark 3.3.3 is satisfied. Since the image of a rationally trivial Cartier divisor
lies in L(X), this defines a morphism Pic(X) → PL(X)/L(X) and Lemma 3.3.1
proves that for l ∈ PL(X), the divisor
∑
D∈D(X)〈ρ(νD), l〉D is Cartier so that this
map is surjective.
The kernel of this map is given by divisors of the form δ =
∑
D∈D(X) nDD
such that there exists l ∈ L(X) with nD = 〈ρ(νD), l〉 for D ∈ ∪YDY (X). Let
f ∈ k(X)(B) with character l, we have δ − Div(f) ∈ Z∆˚(X).
If δ =
∑
D∈∆˚(X) nDD is rationally trivial, there exists f ∈ k(X)
(B) withDiv(f) =
δ. But if χ is the character of f , we have 〈ρ(νD), χ〉 = nD. In particular for
D ∈ ∪YDY (X) = D(X) \ ∆˚(X), we have 〈ρ(νD), χ〉 = nD = 0 thus χ ∈ C⊥X .
2. The abelian group PL(X) is a subgroup of a product of free finitely generated
abelian groups thus it is a free finitely generated abelian group. Since L(X) is a
subgroup of PL(X) it is also finitely generated. With the above exact sequence, we
get the result.
3. Note that PL(X)/L(X) is torsion free: if l ∈ PL(X) is such that nl ∈ L(X),
then l itself is linear thus in L(X). The quotient PL(X)/L(X) is therefore torsion
free. If X contains a proper G-orbit, then CX is of maximal dimension. This gives
C⊥X = 0 and the torsion free assertion. 
Remark 3.3.5. If X has no complete G-orbit then the Picard group may have
torsion as shows the example X = G with G semi-simple not simply connected
(this is a spherical variety for the action of G×G).
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Theorem 3.3.6. Let X be a spherical variety. For δ a Cartier B-stable divisor let
lδ be the image of its class under the map Pic(X)→ PL(X)/L(X). We have
δ =
∑
D∈D(X)\∆˚(X)
〈ρ(νD), lδ〉D +
∑
D∈∆˚(X)
nDD.
Then δ is globally generated iff for any G-orbit Y , there exists χY ∈ Λ(X) with
• χY |CY (X) = lδ|CY (X) ;
• χY |CX\CY (X) ≤ lδ|CX\CY (X) and
• 〈ρ(νD), χY 〉 ≤ nD for all D ∈ ∆˚(X).
Proof. The divisor δ is globally generated if and only if for any G-orbit Y , there
exists s ∈ H0(X, δ) such that s|Y does not vanish everywhere. We may furthermore
assume that s is a B-eigenvector. We then have δ = A + Div(f) with A effective
B-stable and f a B-eigenfunction. Let χY be the weight of f . Note that A is
effective and does not contain Y in its support. This is equivalent to the inequalities
〈ρ(νD), lδ〉 ≥ 〈ρ(νD), χY 〉 for all D ∈ D(X) \ ∆˚(X) with equality for D ⊃ Y and
〈ρ(νD), χY 〉 ≤ nD for all D ∈ ∆˚(X). 
If X is complete, the element l = (lY ) ∈ PL(X) completely determines for each
closed G-orbit Y an element χY ∈ Λ(G/H) such that lY = χY so that the value
lY (ρ(νD)) = 〈χY , ρ(νD)〉 is well defined even if ρ(νD) does not lie in CY (X). This
simplifies the statement of the above result.
Definition 3.3.7. An element l = (lY ) ∈ PL(X) is called convex if lY ≥ (lZ)|CY (X)
for any orbit Y and any closed orbit Z. If for Z 6⊂ Y the inequality is strict on
CY (X) \ CZ(X), then l is called strictly convex.
Corollary 3.3.8. Let X be a complete spherical variety.
For δ a Cartier B-stable divisor let lδ = (lY ) be the image of its class under the
map Pic(X)→ PL(X)/L(X). We have
δ =
∑
D∈D(X)\∆˚(X)
〈ρ(νD), lδ〉D +
∑
D∈∆˚(X)
nDD.
1. The divisor δ is globally generated if and only if lδ = (lY ) is convex and the
inequality lY (ρ(νD)) ≤ nD holds for all closed G-orbits Y and all D ∈ ∆˚(X).
2. The divisor δ is ample if and only if lδ = (lY ) is strictly convex and the
inequality lY (ρ(νD)) < nD holds for all closed G-orbits Y and all D ∈ ∆˚(X).
Proof. 1. Follows directly from the previous result.
2. By the previous result, a large multiple of δ separates closed orbits (i.e. for
two distinct closed orbits, there is a divisor linearly equivalent to δ containing one
of the orbits and not the other) if and only if lY 6= lZ for Y and Z two distinct
closed orbits. The proof therefore reduces to the case of a simple spherical variety
X with closed orbit Y in which case we may choose lY = 0. The result follows from
Theorem 3.1.3. 
In the next three corollaries, X is a complete spherical variety.
Corollary 3.3.9. Any ample divisor is globally generated.
Corollary 3.3.10. Nef and globally generated line bundles agree.
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Proof. By Corollary 3.3.8, the cone of globally generated line bundles is the closure
of the ample cone. The latter is the nef cone (see [25, Theorem 1.4.23]). 
We write N1(X) for the group of divisors classes modulo numerical equivalence.
Corollary 3.3.11. We have Pic(X) = N1(X).
Proof. This follows from the fact that Pic(X) is torsion free for X complete (see
Theorem 3.3.4) and the fact that the group of homologically trivial divisors modulo
rational equivalence is a torsion group [15, Section 19.3.3]. 
Example 3.3.12. It is not true that ample implies very ample. Consider X the
double cover of P3 ramified along the coordinate divisors. This is a normal toric
variety for the torus G3m preserving the coordinates. However, the pull-back of
OP3(1) is ample but not very ample: one checks that it precisely defines the above
2-to-1 cover. Note that X is not smooth. For smooth toric varieties ample and very
ample line bundles are the same (see [12] or [13]).
Corollary 3.3.13. A spherical variety X is quasi-projective if and only if there
exists a strictly convex Q-valued function on CX linear on each cone CY (X).
In [23], Knop gives a characterisation of affine spherical varieties. In the following
statement V is the valuation cone of X (see [17, Section 4]).
Theorem 3.3.14. A spherical variety X is affine if and only if X is simple and
there exists χ ∈ Λ such that χ|V ≤ 0, χ|CX = 0 and χ|ρ(∆˚(X)) > 0.
4. Curves and divisors
In this section, we study B-stable curves and the duality between curves and
divisors. We essentially review results from [6] and [7]. As a byproduct of this
study we give an explicit canonical divisor on spherical varieties in Section 5.
4.1. Curves. Let X be a G-variety and C be a complete irreducible curve in X
(proper integral one-dimensional subscheme) stable under the action of B. Denote
by π : C˜ → C the normalisation map. Then B also acts on C˜ and π is B-equivariant.
Since B is solvable, it has at least one fixed point in C.
Proposition 4.1.1. Assume that B acts non trivially on C, then C is rational and
B has at most two fixed points in C˜.
1. If B has one fixed point in C˜, then there exists a minimal parabolic subgroup
P such that the kernel of the action of B on C is R(P ), the radical of P .
2. If B has two fixed points in C˜, then there exists a character χ such that B
acts via χ.
Proof. Since B acts non trivially, it has a dense orbit in C. But B is rational so
C has to be rational. Now C˜ is isomorphic to P1 and B acts via automorphisms.
Since the only automorphism of P1 fixing three points is trivial, B has at most two
fixed points.
Consider z ∈ C not fixed under the action of B. Then Bz, the stabiliser of z is a
closed subgroup of codimension 1 in B. Let U be the unipotent radical of B, then
either U ⊂ Bz or U ∩Bz has codimension 1 in U .
Assume first that U ⊂ Bz. Then U acts trivially on z and since U is normal in
B, it acts trivially on any point of the B-orbit B · z and thefore U acts trivially on
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C. In particular, the action of B on C factors through B/U and thus through the
action of a character χ : B → Gm (since B/U is a torus and the kernel of its action
on C is a codimension one subgroup). Any non-trivial action of Gm on C˜ ≃ P1
fixes exactly two points, we are in case 2.
Assume now that H = Bz ∩U has codimension 1 in U thus U acts non trivially
on P1 and has therefore a unique fixed point. A maximal torus T in B acts on
C˜ ≃ P1 with at least two fixed points so we can choose a T -fixed but not B-fixed
point for z. In particular T ⊂ Bz and Bz = TH . The subgroup H is normalised
by T so it is the product of the root subgroups it contains. Let α be the unique
root of B not in H . If α is not simple, then α = β + γ with Uβ, Uγ ⊂ H . This
implies Uα ⊂ H , a contradiction. In particular α is a simple root and H = Ru(P ),
the unipotent radical of P , where P is the minimal parabolic subgroup associated
to α. The kernel of the action of B on C˜, and then on C, is the intersection of the
conjugates of Bz = TH = TRu(P ) in B, this is the radical R(P ). 
Note that for X spherical, the group B never acts trivially on any curve C so
that the above proposition always applies.
Definition 4.1.2. A curve of type (χ) is a B-stable curve with two B-fixed points.
Assume that C˜ has a unique B-fixed point x˜. Let P (C) be the minimal parabolic
subgroup defined by the above proposition. Let x be the image of x˜ in C.
Proposition 4.1.3. The curve C is smooth and isomorphic to P1.
Let P = P (C). We have the following alternative.
1. P raises x to C so C is stable under P . We have C = P · x and C ⊂ G · x.
2. P raises C to P ·C with an edge of type (T). The map P ×B C → P ·C is the
normalisation map and is bijective. We have P×BC ≃ P1×P1 and C∩G ·x = {x}.
3. P raises C to P · C with an edge of type (N). The map P ×B C → P · C is
two-to-one. We have P · C ≃ P2 and C ∩G · x = {x}.
Remark 4.1.4. We will prove (Proposition 4.5.4), using the Białynicki-Birula de-
composition, that for C raised by P with an edge of type (T), the above morphism
P ×B C → P · C is an isomorphism so P · C is isomorphic to P1 × P1.
Proof. Let z be a T -fixed but not B-fixed point in C. Such a point exists by the
proof of the previous proposition. Let R = R(P ) be the radical of P . The group
R acts trivially on z and on C. The group S = P/R is simple of rank one and
Sz contains Bz/R ⊃ TR/R. So Sz contains a maximal torus of S and is a proper
subgroup of S. We have three possiblitities: Sz is a Borel subgroup of S or Sz is the
maximal torus T/(T ∩R) or Sz is the normaliser of the maximal torus T/(T ∩R).
1. If Sz is a Borel subgroup, then P · z = S · z is isomorphic to P1 and contains
B · z. In particular C is isomorphic to P1, C = P · x and C ⊂ G · x. This is case 1.
2. If Sz is the maximal torus T/T ∩R of S, then Sz = Bz/R so Pz = Bz and the
map P ×B C → P · C is birational over z so we have an edge of type (T) or (U).
3. If Sz is the normaliser of maximal torus T/T ∩R of S, then Bz/R has index
2 in Sz so Bz has index 2 in Pz and the map P ×B C → P ·C is two-to-one over z
so we have an edge of type (N).
We now prove that C ∩ G · x = {x} for cases 2 and 3. We first prove that
C ∩ P · x = {x}. Indeed P · x = S · x, and if C contains some point y ∈ S · x with
y 6= x, then y is in the B-orbit of z so Sy and Sz are conjugate. But Sy and Sx
are also conjugate. This is imposssible since Sx is a Borel subgroup of S while Sz
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is not. Now remark that C ∩G ·x ⊂ (G ·x)R, so we only have to prove the equality
(G · x)R = P · x.
The group R being normal in P , we have P · x ⊂ (G · x)R. Conversely, for
g ·x ∈ (G ·x)R, we have g−1Rg ⊂ Gx. But R is solvable and connected and B ⊂ Gx
is a Borel subgroup of Gx so g
−1Rg is conjugated in Gx to a subgroup of B. So
there exists h ∈ Gx such that (gh)−1Rgh ⊂ B. Write gh = bnb′ with b, b′ ∈ B and
n ∈ NG(T ). Since B normalises R we have R ⊂ nBn−1 so RT ⊂ nBn−1. This
implies n ∈ P thus gh ∈ P and g · x = gh · x ∈ P · x, thus (G · x)R = P · x.
We prove that, in cases 2 and 3, the curve C is smooth. We only need to prove
that the B-fixed point x ∈ C is a smooth point. Note that R acts trivially on
C so we consider X as a S-variety with Borel subgroup B/R and maximal torus
T/(T ∩ R). By Theorem 1.1.4, we may assume that X is isomorphic to P(M)
where M is a rational finite dimensional S-module. Write M = ⊕riMri where Mri
is the irreducible SL2(k)-module of dimension ri + 1 and basis u
kvri−k such that
the unipotent part of B fixes u and maps v to {v + tu | t ∈ k}. For m ∈ M \ {0},
write [m] for the corresponding point in P(M). Let m,n ∈ M such that z = [m]
and x = [n]. Since z is T -stable, we have m =
∑
i λiu
kivri−ki such that ri − 2ki is
constant. Replacing V by a submodule, we may assume that λi 6= 0 for all i. We
then have B · z = {[
∑
i λiu
ki(v + tu)ri−ki ] | t ∈ k} and x = [n] is the limit when
t goes to infinity so n =
∑
i λiu
ri . Now locally at x, since z is not B-stable, there
exists an index i with ki < ri and the above expression in t has a degree one term
and is therefore smooth at t =∞.
Case 2: the normalisation of S · z is the unique complete embedding of SL2(k)/T0
(see Example 1.3.10), it raises C with an edge of type (T) and is isomorphic to
P1 × P1. The normalisation map is S-equivariant. It is an isomorphism onto S · z
and bijective over the unique closed S-orbit S · x ≃ S/B ≃ P1. Since P ×B C
is a complete normal (since C is smooth) embedding of S · z ≃ SL2(k)/T0 it is
isomorphic to P1 × P1 and is the normalisation of P · C.
Case 3: the normalisation of S · z is the unique complete embedding of SL2(k)/N0
(see Example 1.3.10), it raises C with an edge of type (N) and is isomorphic to
P2. Since P ×B C is a complete normal (since C is smooth) embedding of S ·
z ≃ SL2(k)/N0 it is isomorphic to P2. We therefore only need to prove that S · z
is smooth. Using notation as above we have z = [v] with v =
∑
i λiu
kivri−ki .
Furthermore z is stable under the normaliser of T/(T∩R) therefore ki = ri−ki for all
i. We may again assume that λi 6= 0 for all i. Now the projection P(V ) 99K P(Vr1)
is defined over S · z, so we only need that its image is smooth. But its image is the
k1-Veronese embedding of P
2 and is therefore smooth. 
Definition 4.1.5. Let C be a B-stable curve with a unique B-fixed point x.
1. The curve C is of type (U) if P (C) raises x to C with an edge of type (U).
2. The curve C is of type (T) if P (C) raises C to P (C) ·C with an edge of type
(T).
3. The curve C is of type (N) if P (C) raises C to P (C) ·C with an edge of type
(N).
For C a curve of type (T) or (N) define
Q(C) = {g ∈ G | gP (C) · C ⊂ P (C) · C}.
Then Q(C) is a parabolic subgroup containing P (C).
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Proposition 4.1.6. For C of type (T) or (N), the map p : G×Q(C)P (C)·C → G·C
is birational. If furthermore X is toroidal, then p is an isomorphism.
Proof. Let z be the unique T -fixed but not B-fixed point in C. Let H = Gz and
α be the simple root such that P = P (C) = Pα is the minimal parabolic subgroup
associated to α. We have H ∩B = TRu(P ). The Lie algebra h of H is of the form
h = t⊕

 ⊕
β∈R+\{α}
gβ

⊕

⊕
γ∈E
gγ

 ,
for some subset E ⊂ R− (here t is the Lie algebra of T , gβ are the root spaces in
the Lie algebra g of G and R is the root system of G). We have γ + γ′ ∈ E for
γ, γ′ ∈ E and γ + γ′ ∈ R.
We prove that indecomposable elements of E are negatives of simple roots that
are orthogonal to α. Let γ ∈ E be indecomposable such that γ = γ′ + γ′′ with
γ′, γ′′ ∈ R−. If γ′ and γ′′ are different from −α, then g−γ′, g−γ′′ ⊂ h thus
gγ′ = [gγ , g−γ′′ ] and gγ′′ = [gγ , g−γ′] are contained in h, a contradiction to the
indecomposability of γ. We thus have γ′ = −α 6= γ′′ and g−α = [gγ , g−γ′′ ] ⊂ h.
If sα is the simple reflection associated to α, we get that sα(B) is contained in
H and C = B · z ⊂ G · z. But since the stabiliser H of z contains a Borel sub-
group, the orbit G · z is projective and the curve is of type (U), a contradiction.
So γ is indecomposable in R− and −γ is simple. If γ is not orthogonal to α, then
−γ + α ∈ R+ \ {α} and gα = [g−γ+α, gγ ] is contained in h and H contains B a
contradiction.
Set I = {β ∈ R+ | β simple with − β ∈ E} and J = I ∪ {α}. Let RI and RJ be
the corresponding root systems. We have RJ = RI ∪ {−α, α} and
h = t⊕

 ⊕
β∈R+\RJ
gβ

⊕

⊕
β∈RI
gγ

 .
In particular Ru(H) = Ru(PJ ) the unipotent radical of the parabolic subgroup
with root system RJ and thus H ⊂ PJ . We have PαH = PJ thus PJ · z ⊂ Pα · z so
PJ ·C ⊂ Pα ·C and PJ ⊂ Q(C). We also have Q(C) ·z ⊂ (Pα ·C)∩G ·z = Pα ·z thus
Q(C) ⊂ PαH . Since PαH = PJ we deduce that H ⊂ Q(C) = PJ . In particular the
map G×Q(C) Pα · z → G · z is an isomorphism and ϕ is birational.
If X is toroidal, the same is true for any G-orbit so G ·C is toroidal (this can be
obtained from the Structure Theorem for toroidal varieties Theorem 2.4.1 as in the
proof of Corollary 2.4.3, see also [17, Section 7]). Let x be the B-fixed point in C.
Since C = B · z ∪B · x, we have G ·C = G · z ∪G · x. The cone of G · z is therefore
of codimension one in the cone of G · x and thus (see [23, Lemma 6.4]) the orbit
G · x is a divisor in G · C. The morphism G×Q(C) P · x→ G · x is therefore finite
and since G · C is normal, the morphism ϕ is an isomorphism. 
We finish with the behaviour of B-stable curves under morphisms.
Proposition 4.1.7. Let ϕ : X → X ′ be a proper morphism between two G-
varieties, let C ⊂ X be a B-stable curve not contracted by ϕ.
1. If C is of type (χ), (U) or (N), then so is ϕ(C).
2. If C is of type (T), then ϕ(C) is of type (U), (T) or (N).
3. If X ′ is toroidal and ϕ birational, then C and ϕ(C) have the same type.
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Proof. 1. For type(χ), the Borel B acts via a character and the same occurs for
ϕ(C). For type (U), the parabolic P (C) acts transitively on C and also on ϕ(C).
For type (N), the restriction of ϕ to P (C) · C is a PGL2(k)-morphism with source
P2. Such a morphism is either an isomorphism or trivial.
2. If C has a unique B-fixed point so does ϕ(C) proving the claim.
3. Let C be of type (T) and x be its B-fixed point. We prove that the restriction
of ϕ to G · C is an isomorphism. Let F and F′ be the colored fans of X and
X ′. Then G · x corresponds to a maximal cone in F while G · C corresponds to
a cone σ ∈ F of codimension one. By Proposition 4.1.6, we have an isomorphism
G ×Q(C) P (C) · C → G · C with P (C) ⊂ Q(C). Since P (C) has two orbits in
P (C) ·C (its normalisation is the SL2(k)-variety P1×P1), G has two orbits in G ·C.
In particular σ is contained in a unique maximal cone of F so is contained in a face
of the valuation cone of X . Since ϕ is proper and birational and X ′ is toroidal, we
get (see [23, Theorem 4.2] or [17, Theorem 8.15]) that σ is also a cone of F′ proving
our claim. 
Example 4.1.8. Let X = P1 × P1 be the unique SL2(k)/T0 complete embedding,
let C = P1×{0} which is of type (T) and consider the following SL2(k)-morphisms:
1. ϕ : P1 × P1 → P1, the first projection;
2. ϕ : P1 × P1 → P1 × P1, the identity and
3. ϕ : P1 × P1 → P2 the quotient by the involution (x, y) 7→ (y, x).
Then in case 1, the curve ϕ(C) is of type (U), in case 2, the curve ϕ(C) is of type
(T) and in case 3, the curve ϕ(C) is of type (N).
4.2. Duality between curves and divisors. We describe the cone of effective
curve and the duality between curves and divisors in connection with the exact
sequence of Theorem 3.3.4. In this subsection we will assume that X is complete.
Denote by Z1(X) the group of one-dimensional cycles on X and by A1(X) its
quotient by rational equivalence. Consider also the pairing (C,D) 7→ deg(D|C)
between Z1(X) and the group of Cartier divisors on X . The orthogonal to the
group of Cartier divisor is the subgroup of numerically trivial 1-cycles and induces
a stronger equivalence relation called numerical equivalence, the quotient by this
relation is denoted by N1(X). We have a canonical surjective map A1(X) →
N1(X). For X complete, there groups have finite rank (see [15, Section 19.1.4]).
In N1(X)Q = N1(X) ⊗Z Q, denote by NE(X) the cone spanned by the classes of
effective curves.
Definition 4.2.1. Let X be a spherical variety. A wall of the colored fan F of X
is a codimension one cone in Λ(X)∨ not contained in the boundary of V. Note that
a wall is a common face of two maximal colored cones.
Theorem 4.2.2. Let X be complete spherical variety.
1. The space N1(X)Q is generated by classes Cµ indexed by the walls µ of F(X)
and classes CD,Y indexed by pairs where Y is a closed orbit and D ∈ ∆(X)\∆Y (X).
2. The cone NE(X) is generated by the classes Cµ and CD,Y .
Write N1(X) for the quotient of N1(X) by the subgroup spanned by the classes Cµ.
3. The image CD,Y in N1(X) of the class CD,Y does not depend on Y with
D ∈ ∆(X) \∆Y (X). Furthermore CD,Y = 0 for D 6∈ ∆˚(X).
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4. In N1(X)Q, the family (CD,Y )D∈∆˚(X) is a basis and generates the image
NE(X) of NE(X).
Proof. Recall from Corollary 3.3.11, that Pic(X) = N1(X). Recall also from
Theorem 3.3.6 that any Cartier divisor δ is modulo linear equivalence of the form
δ =
∑
D∈D(X)\∆˚(X)
〈ρ(νD), lδ〉D +
∑
D∈∆˚(X)
nDD,
where lδ = (lY ) is the image of its class under the map Pic(X) → PL(X)/L(X).
Since X is complete, we may consider lδ as a function on Λ(X)
∨. The divisor δ is
globally generated if and only if lδ is convex and 〈ρ(νD), lY 〉 ≤ nD for all D ∈ ∆˚(X).
Let µ be a wall of F(X), we define the class Cµ. The orthogonal µ
⊥ of µ in Λ(X)
is one dimensional and we pick a primitive vector v ∈ µ⊥. Let µ+ and µ− be the
two maximal cones having µ as face. We pick v so that v|µ+ > 0. The difference
lδ|µ+ − lδ|µ− vanishes on µ since lδ is continuous so lδ|µ+ − lδ|µ− is a multiple of v.
It only depends on the class of δ in Pic(X) (picking another representative changes
lδ by a linear function). This defines a linear form Cµ on N
1(X) = Pic(X) via
Cµ · δ = (lδ|µ+ − lδ|µ−)/v.
Let Y be a closed orbit and D ∈ ∆(X) \∆Y (X). Writing nD = 〈ρ(νD), lδ〉 for
D ∈ D(X) \ ∆˚(X) so that
δ =
∑
D∈D(X)
nDD,
we define the linear form on N1(X) = Pic(X) via (with notation as above)
CD,Y · δ = nD − 〈ρ(νD), lY 〉.
Note that this only depends on the class of δ in Pic(X).
We prove that these classes span N1(X). By duality, it suffices to prove that a
divisor δ vanishing on all these forms is linearly trivial. If Cµ · δ = 0 for any wall
µ, then lδ|µ+ = lδ|µ− for all walls µ so that lδ is linear and equal to the character
of a B-semiinvariant function fδ. For D ∈ ∆˚(X) and any closed orbit Y , we have
D ∈ ∆(X)\∆Y (X) so that CD,Y ·δ = 0. This gives nD = 〈ρ(νD), lY 〉 = 〈ρ(νD), lδ〉.
We deduce
δ =
∑
D∈D(X)
〈ρ(νD), lδ〉D = div(fδ).
In particular δ is linearly trivial and the classes (Cµ)µ and (CD,Y )D,Y span N1(X).
Furthermore, a divisor δ has non negative value on all classes (Cµ)µ and (CD,Y )D,Y
if and only if lδ is convex and 〈ρ(νD), lY 〉 ≤ nD for all D ∈ ∆˚(X) so if and only if
δ is globally generated. These classes therefore span the cone NE(X) of effective
curves.
Let D ∈ ∆(X)\∆Y (X) with D 6∈ ∆˚(X). Then there exists a closed orbit Z with
D ∈ ∆Z(X) and we have CY,D · δ = nD − 〈ρ(νD), lY 〉 = 〈ρ(νD), lZ〉 − 〈ρ(νD), lY 〉.
Choosing a path from the cone of Y to the cone of Z and the corresponding walls
(µi), the linear form CD,Y can be expressed as a linear combinaison of the linear
forms Cµi . In particular CD,Y = 0.
Now assume D ∈ ∆˚(X) and let Y and Z be closed orbits. Then ·(CD,Y −CD,Z) ·
δ = 〈ρ(νD), lZ〉 − 〈ρ(νD), lY 〉 and as above CD,Y − CD,Z is a linear combinaison of
the (Cµ)µ. In particular CD,Y = CD,Z .
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Finally the classes (CD,Y )D∈∆˚(X) span N1(X). Since for D,D
′ ∈ ∆˚(X) we have
CD,Y ·D′ = δD,D′ and Cµ ·D′ = 0. Since the divisors in ∆˚(X) form a free family
in Pic(X) = N1(X) (see Theorem 3.3.4) and since N1(X) is torsion free, assertion
4 follows. 
Remark 4.2.3. According to Theorem 3.3.4, we have an exact sequence
Z∆˚(X)→ Pic(X) = N1(X)→ PL(X)/L(X)→ 0.
The classes (Cµ) with µ a wall of F(X) are dual to PL(X)/L(X) while the classes
(CD,Y )D∈∆˚(X) are dual to Z∆˚(X).
Proposition 4.2.4. Let X be a complete spherical variety.
1. Any effective cycle is rationally equivalent to an effective B-stable cycle.
2. For any two distinct closed orbits, the following are equivalent
a. There exists a curve CY Z of type (χ) meeting Y and Z.
b. The cones CY (X) ∩ V and CZ(X) ∩ V share the same wall µ.
In that case CY Z is unique, isomorphic to P
1 and its class in N1(X) is equal to
Cµ.
3. For D ∈ ∆˚(X), any class CD,Y is represented by an irreducible B-stable
curve of type (U), (N) or (T).
Proof. 1. We follow a proof by Vust written in [28, Lemma 6.1]. We proceed
by induction on the dimension of B so we may assume that any effective curve is
rationaly equivalent to an effective curve C stable under a codimension one closed
subgroup Γ of B. We first prove that the image B ×Γ C of the map B × C →
(B/Γ)×X defined by (b, x) 7→ (b ·Γ, bx) is closed. Let Z be the closure and assume
that there is a point z ∈ Z not in B ×Γ C. Note that Z is of pure dimension 2.
By letting B act, we may assume that z ∈ (Γ/Γ) ×X = F . The intersection of F
with Z is one dimensional and its intersection with B ×Γ C is (Γ/Γ)× C which is
closed in F . In particular Z ∩ F must contain another one dimensional irreducible
component, say C′, containing z. In particular C′ \ B ×Γ C is one dimensional.
But B · (C′ \ B ×Γ C) has to be two dimensional and contained in Z \ B ×Γ C, a
contradiction.
Now let j : B/Γ → P1 be a B-equivariant embedding and let Y be the closure
of the image of the composition B×Γ C → (B/Γ)×X → P1×X . The variety Y is
of dimension 2. Since B/Γ is not complete, there exists a point t0 ∈ P1 fixed by B
(and therefore not in the image of j). Let t1 = j(Γ/Γ) and denote by π : Y → P1
the restriction of the first projection. The fibers π−1(t0) and π
−1(t1) are curves
in Y and so are their images p2(π
−1(t0)) and p2(π
−1(t1)) in X . These two curves
are linearly equivalent. Since t0 is B-fixed, the curve p2(π
−1(t0)) is B-stable. But
since B ×Γ C is closed in (B/Γ)×X , we have p2(π
−1(t1)) = C proving the result.
2. (a. ⇒ b.) Consider G ·CY Z which is closed in X , irreducible and G-stable. It
meets Y and Z and therefore contains both. Since furthermore B acts on CY Z via
a character, the rank of G · CY Z is one. The combinatorial description of orbits in
terms of colored cones (see [17, Section 7]) implies that the cones CY (X) ∩ V and
CZ(X) ∩ V share the same wall µ.
(b. ⇒ a.) Let Xµ be the closure of the orbit associated to µ. It contains Y and
Z and has rank one. We prove that XUµ is an irreducible B-stable curve, smooth,
of type (χ) and passing through y and z.
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The locus XUµ is B-stable and any B-orbit in X
U
µ is a T -orbit with T a maximal
torus. Since Xµ has rank one, this orbit is of dimension at most one. Furthermore,
we have y, z ∈ XUµ .
We prove that XUµ is connected. We actually prove that for W a connected U -
variety WU is connected. By Theorem 1.1.3, we may assume that W is projective
and equivariantly embedded in P(V ) where V is a G-module. We proceed by
induction on the dimension. For dimW = 0 this is obvious. For dimW = 1,
if U acts trivially then WU = W and we are done. Otherwise U has a dense
orbit and the normalisation of W is isomorphic to P1 with U acting via a maximal
unipotent subgroup of PGL2(k). Therefore W
U is reduced to one point and the
result follow. Assume now dimW > 2. Then intersecting with P(H) where H is a
U -stable linear subspace of V containing V U and using Bertini’s Theorem (see [22,
Corollary II.7.9]), we are reduced to the case of W ∩ P(H) which is connected and
can be chosen of dimension one less except if W =WU .
We now prove that XUµ is irreducible. The above argument implies that X
U
µ
meets the three orbits of Xµ and that Xµ = G ·XUµ . Let x be a point in X
U
µ and
in the dense G-orbit. Following [29], we prove that (G · x)U = B · x. Embbed
G-equivariantly Xµ in P(V ) where V is a G-module. Then x = [v] with v ∈ V U .
Decompose V as a direct sum of irreducible G-modules V = ⊕λVλ, then v is the
sum of highest weight vectors v =
∑
λ vλ. Let Pλ be the parabolic subgroup fixing
vλ, we have Gv = ∩λKer(λ : Pλ → Gm) and NG(Gx) = ∩λPλ. We deduce that
NG(Gv)/Gv is a torus and NG(Gv) = BGv. Let g ∈ G such that g · x ∈ (G · x)U .
Then g · v ∈
∑
λ kvλ thus g ∈ ∩λPλ = NG(Gv) = BGv. We get g · v ∈ B · v and
g · x ∈ B · x. In particular XUµ is irreducible as the closure of (G · x)
U = B · x.
Therefore XUµ is an irreducible B-stable curve meeting Y and Z in the two B-
fixed points y and z with y ∈ Y and z ∈ Z. It is therefore of type (χ). Following
[29, Folgerung 1.6], we prove that XUµ is smooth and therefore isomorphic to P
1.
We only need to check the smoothness in y and z. We check this in y, the proof
for z works the same way. Since Xµ is a spherical variety, by the structure theorem
(Theorem 2.2.2) we may replace Xµ by an affine spherical variety W containing
y. Note that we have a dense U -orbit in W . Let U− be the opposite unipotent
subgroup, we prove that the restriction k[W ]U
−
→ k[WU ] is an isomorphism. In-
deed the restriction morphism f : k[W ] → k[WU ] is surjective and B-equivariant.
In particular f(k[W ]U
−
) = f(T · k[W ]U
−
) = T · f(k[W ]U
−
) = B · f(k[W ]U
−
) =
f(B · k[W ]U
−
). Writing k[W ] as a sum of finite dimensional G-module, we have
that k[W ] is generated by B · k[W ]U
−
thus f(k[W ]U
−
) = f(k[W ]) = k[WU ]. Now
since W = G · (WU ) = U−B ·WU = U−B ·WU = U− ·WU , the restriction map
k[W ]U
−
→ k[WU ] is injective.
This implies WU = Spec(k[WU ]) ≃ Spec(k[W ]U
−
) =W//U−. The last quotient
is normal so WU is normal of dimension 1 thus smooth.
Now let C be another curve of type (χ) meeting Y and Z. Then G · C is a
complete spherical G-variety of rank one and contains Y and Z. It has to be Xµ
and since C is fixed by U , we get C ⊂ XUµ and this is an equality since X
U
µ is an
irreducible curve.
Finally, let χ be the character through which B acts on CY Z with fixed points
y ∈ Y and z ∈ Z. For δ a Cartier divisor, let δy and δz be the weights of T acting
on the fibers of the corresponding line bundle at y and z. Then for lδ = (lY ), we
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have δy − δz = lY − lZ and χ = v where v is the primitive vector vanishing on the
wall µ. Since CY Z · δ = (δy − δz)/χ (see Lemma 4.4.1) we get CY Z · δ = Cµ · δ and
Cµ is the class of CY Z in N1(X).
3. By 1 above, the cone NE(X) is generated by B-stable irreducible curves and
their images generate NE(X) in N1(X). Since the latter is generated by the classes
CD,Y , we get that the classes CD,Y are represented by B-stable irreducible curves.
These curves must be of type (U), (T) or (N) since they cannot be of type (χ): a
curve of type (χ) meets two closed B-orbits and thus by 2. its class is equal to
some Cµ. 
Corollary 4.2.5. Let X be a spherical variety, then any irreducible complete B-
stable curve on X is isomorphic to P1.
Proof. See Proposition 4.2.4 for type (χ) and Proposition 4.1.3 for other types. 
4.3. Curves modulo rational and numerical equivalences. Recall that Z1(X)
is the group of one-dimensional cycles and that A1(X) is the quotient of Z1(X)
modulo rational equivalence. A general result of Fulton, MacPherson, Sottile and
Sturmfels [16] ensures that B-stable curves generate the Chow group of curves and
furthermore that any rational equivalence is given by [div(f)] = 0 for f ∈ k(W )(B)
a B-semiinvariant rational function on a B-stable rational surface W .
Note that the pairing (C,D) 7→ deg(D|C) between Z1(X) and the group of
Cartier divisors on X induces a map αX : Pic(X) → A1(X)∨. As in N1(X), we
define AE(X) to be the cone in A1(X)Q = A1(X) ⊗Z Q generated by classes of
effective curves.
Proposition 4.3.1. For X complete and spherical αX : Pic(X) → A1(X)∨ is an
isomorphism.
Proof. For X smooth projective, since T acts with finitely many fixed points, X
has a cellular decomposition (see [3]). Therefore Pic(X)→ H2(X,Z) and A1(X)→
H2(X,Z) are isomorphisms and the result follows from Poincaré duality.
In general, we can find a smooth projective toroidal G-variety X˜ and a birational
G-morphism ϕ : X˜ → X (use [32, Corollary 3.3.8] and the equivariant Chow-
Lemma). The map ϕ∗ is surjective overQ and we consider the commutative diagram
Pic(X) //

A1(X)
∨

Pic(X˜) // A1(X˜)
∨,
with vertical maps ϕ∗ and the transpose (ϕ∗)
T of ϕ∗. Then (ϕ∗)
T is injective and
since α
X˜
is an isomorphism, we get that αX is injective.
Let u ∈ A1(X)∨ and let δ˜ ∈ Pic(X˜) such that αX˜(δ˜) = (ϕ∗)
T (u). Then δ˜
vanishes on the curves contracted by ϕ. We prove that this implies δ˜ ∈ ϕ∗Pic(X).
This would imply the surjectivity of αX since (ϕ∗)
T is injective.
We are left to prove δ˜ ∈ ϕ∗Pic(X). If X is toroidal, then the fan F(X˜) of X˜
is a subdivision of the fan F(X) of X (see [17, Section 7]). For any wall of F(X˜)
which is not a wall µ of F(X), there is a curve Cµ of type (χ) contracted by ϕ
(see Proposition 4.2.4). By Theorem 3.3.4 the embedding ϕ∗Pic(X) ⊂ Pic(X˜) is
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defined by the equations δ˜ ·Cµ = 0 proving the claim. For X spherical there exists
a unique minimal pair (X ′, π) with X ′ toroidal and π : X ′ → X birational. For Y
a closed orbit in X , there exists a unique closed orbit Y ′ in X ′ with π(Y ′) = Y and
π restricts to a proper morphism πY : X
′
Y ′,G → XY,G. Choose a prime B-stable
divisor D′ in X ′ with Y ′ 6⊂ D′ but Y ⊂ π(D′) = D. Let C′ ⊂ X ′ be a B-stable
curve spanning the ray of CD′,Y ′ . Then since D = π(D
′) ⊃ Y we get CD,Y = 0
so C′ is contracted by π. By Theorem 3.3.4 the embedding π∗Pic(X) ⊂ Pic(X ′) is
defined by the equations δ′ · CD,Y = 0 for D and Y as above. The result follows
from this and the fact that ϕ factors through π. 
Denote by A1(X) the quotient of A1(X) by the classes of curves of type (χ).
Corollary 4.3.2. For X spherical complete, we have an exact sequence
0→ A1(X)tors → A1(X)→ N1(X)→ 0.
This induces an isomorphism A1(X)→ N1(X) and both are torsion free.
Proof. The isomorphism αX : Pic(X)→ A1(X)∨ factors through
Pic(X)→ N1(X)→ N1(X)
∨ → A1(X)
∨.
In particular, we recover the fact that the map Pic(X)→ N1(X) is an isomorphism
and the transpose of A1(X) → N1(X) is also an isomorphism. The kernel of this
map is therefore the torsion subgroup. We will describe all rational equivalences in
the next section. This will in particular prove that A1(X) is torsion free. 
4.4. Equivalences. In this subsection, we describe linear and numerical equiva-
lences between B-stable curves.
We start with a general result on action of tori. Let C be a complete curve
endowed with a non trivial action of a torus T ′. Let π : C˜ → C be its normalisation.
The curve C is rational so C˜ ≃ P1. Let 0 and ∞ be the T ′-fixed points in C˜ and x
and y their images in C. We may identify C \ {x, y} = C˜ \ {0,∞} with k× so that
T ′ acts via a character χ.
Lemma 4.4.1. Let L be a T ′-linearised line bundle on C, and let Lx and Ly be
the weights of T ′ on the stalks at x and y.
Then Lx − Ly is a multiple of χ and the degree (L · C) of π∗L is given by
(L · C) = (Lx − Ly)/χ.
Proof. Since Lx and Ly are also the weights of π
∗L at 0 and ∞, we may assume
that C = P1, x = 0 and y =∞. Furthermore, the action of T ′ comes from an action
on k2 with weights χ and 0. Since the difference Lx − Ly does not depend on the
choice of a linearisation, we may assume that with the above action L = OP1(n).
In that case (L · C) = n and L0 = 0 while L∞ = nχ proving the result. 
Proposition 4.4.2. Let X be a normal G-variety and C, C′ be B-stable curves.
1. If C and C′ are of type (χ) and meet the same connected components of XB,
then they are numerically equivalent.
2. If C and C′ are of type (U), meet the same connected component of XB and
P (C) = P (C′), then they are numerically equivalent.
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Proof. 1. The group B acts via a character so any maximal torus T acts non
trivially on C and C′. For any line bundle L, there exists an integer n so that L⊗n
is T -linearised. Note also that for a linearised line bundle L, the weights of B on
the stalks of L at B-fixed points are constant on connected components of XB.
The assertion now follows from the previous lemma.
2. Set P = P (C) = P (C′) be the minimal parabolic associated to C and C′.
Let α be the corresponding root (the only simple root whose opposite is also a root
of P ). Let sα be the corresponding simple reflection and nα be a representative in
NG(T ). Denote by x and x
′ the B-fixed points in C and C′. Then nα ·x and nα ·x′
are the other T -fixed points in C and C′ and T acts on C and C′ via the character
α. Since Lnα·x = sα(Lx), the above lemma yields the equalities
(L · C) = (Lx − Lnα·x)/α = (Lx − sα(Lx))/α = 〈α
∨, Lx〉.
Since Lx = Lx′ because x and x
′ are in the same connected component of XB, the
result follows. 
Proposition 4.4.3. Let X be a projective G-variety, let C be a curve of type (χ)
with B-fixed points x and y and let P be a minimal parabolic subgroup.
Then in A1(X), the difference [P · x]− [P · y] is equal to a multiple of [C].
Note that if P fixes x (resp. y), then P · x (resp. P · y) is a point and its class
is trivial in A1(X) if not then P · x and P · y are curves of type (U).
Proof. Let S = P/R(P ) where R(P ) is the radical of P . Since U acts trivially on
C so does R(P ) and we have an S-action on C such that P ·C = S ·C. Replacing
X with S · C, we may assume that G has semisimple rank one.
Let C˜ be the normalisation of C and consider W = G×B C˜ which is a smooth
projective ruled surface over G/B ≃ P1. Write p : W → G/B and π : W → P · C
for the canonical morphisms. We may identify C˜ with the fiber of p over B/B. The
curvesWx = G×B x and Wy = G×B y are B-stable sections of p both of type (U).
The morphism π maps Wx (resp. Wy) onto P · x (resp P · y). Now by [22, Section
V.2], there exists an integer n with [Wx]− [Wy] = n[C]. Mapping to P · C via π∗,
we get the result. 
Remark 4.4.4. 1. In [6, Proposition 2.4] a more precise relation is given: if χ is
the character acting on C and α is the simple root associated to P , then
[P · x]− [P · y] = 〈χ, α∨〉[C].
2. Any rational equivalence coming from a surfaceW ⊂ X which is an SL2(k)/H-
embedding with H containing a maximal unipotent subgroup comes from one of
the above relations. Indeed SL2(k)/H contains the curve B/H whose closure is of
type (χ).
From the geometry of curves of type (T) and (N) we deduce the following.
Proposition 4.4.5. Let X be a complete G-spherical variety and let C be a B-
stable irreducible curve that is not of type (χ). Let P be the associated minimal
parabolic subgroup and let x ∈ C be the unique B-fixed point.
1. If C is of type (N), then 2[C] = [P · x] in A1(X) and P · x is of type (U).
2. If C is of type (T), then there exists a unique B-stable curve C′ of type (T)
contained in P ·C such that [C] + [C′] = [P · x] in A1(X) and P · x is of type (U).
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Proof. These relations are true in P · C which is isomorphic to P2 in case 1. (resp.
P1 × P1 in case 2.) with P · x isomorphic to a conic (resp. the diagonal P1) and C
isomorphic to a line tangent to the conic (resp. to P1 × {0}). In case 2., the curve
C′ is {0} × P1. 
We now describe all possible rational equivalences between B-stable curves.
Proposition 4.4.6. If X is toroidal, any equivalence relation between B-stable
curve is obtained from Proposition 4.4.3 or Proposition 4.4.5 or involves only curves
of type (χ) or is of the form
C − C′ = γ
where γ is a linear combinaison of curves of type (χ) and C and C′ satisfy one of
the following cases:
1. C and C′ are disjoint of type (T) and P (C) = P (C′);
2. C and C′ are of type (T) and P (C) 6= P (C′);
3. C and C′ are of type (U) and P (C) and P (C′) correspond to orthogonal
simple root.
Proof. We first use a general result of Fulton, MacPherson, Sottile and Sturmfels
[16] which ensures that B-stable curves generate the Chow group of curves (we
already proved this) and furthermore that any rational equivalence is given by
[div(f)] = 0 for f ∈ k(W )(B) a B-semiinvariant rational function on a B-stable
rational surface W . We therefore consider a B-stable rational surface W in X .
Since X is spherical, W has a dense B-orbit B · w. Since G · w is spherical and
toroidal, we may replace X with G · w and assume that G · w is dense in X . Let
H = Bw be its stabiliser.
If a maximal torus of B is contained in H , then U has a dense orbit in W so
that k(W )(B) = k and the relation [div(f)] = 0 is trivial.
If U is contained in H , then U acts trivially on a dense subset ofW and therefore
onW . In particular U acts trivally on any B-stable curve inW so that any B-stable
curve in W is of type (χ). We obtain relations as above with no left hand term.
We are left with the situation where TH = H ∩ T and UH = H ∩ U are both
codimension one subgroups of T and U respectively. We have H = THUH and TH
is the kernel of a character χ : T → Gm uniquely determined up to sign. Note that
the group k(W )(B)/k is the character group of T/TH and therefore of rank one so
that W gives rise to a unique rational equivalence.
Since UH contains the group (U,U), we have at the Lie algebra level
Lie(UH) = V ⊕
⊕
β∈R+\S
gβ,
where V is a TH-stable codimension one subspace of ⊕α∈Sga where S is the set of
simple roots.
Case 1: V is T -stable. Then
Lie(UH) =
⊕
β∈R+\{α}
gβ
for some simple root α. If P is the minimal parabolic subgroup corresponding to
α, then Ru(P ) ⊂ UH ⊂ H therefore Ru(P ) acts trivially on W so P ·W = L ·W
with L a Levi subgroup of P and any Borel subgroup of L has a dense ofbit in
L ·W . If H contains the connected center of L, then L acts via L/R(L) which is
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isomorphic SL2(k) of PGL2(k) and the equivalence comes from Proposition 4.4.3 or
Proposition 4.4.5.
If H does not contain the connected center of L, then χ is not a multiple of the
simple root α. We prove that there exists a set I of simple roots orthogonal to α
such that
Lie(Gw) = Lie(TH)⊕

 ⊕
β∈R+\RJ
gβ

⊕

⊕
β∈RI
gβ

 ,
with J = I∪{α}. Indeed, choose a finite dimensionalG-module E and a point e ∈ E
such that Gw is the stabiliser of the line ke. Decompose E as a direct sum of simple
G-modules Vλ with highest weight λ. The set of Ru(P )-fixed points in each Vλ is a
simple L-module with highest weight λ. These weights are λ, λ−α, · · · , λ−〈α∨, λ〉α
all with multiplicity one. Since χ is not proportional to α, each eigenspace of
Ru(P )TH in Vλ is one-dimensional and T -stable. Therefore T normalises H and
the claim follows as in the proof of Proposition 4.1.6.
Note that Ru(Gw) = Ru(PJ ) thus Ru(PJ ) ⊂ Gw ⊂ PJ . Since X is toroidal, so is
W and the mapG×PJPJ · w → X is an isomorphism. In particular PJ · w = L · x =
L ·W is a toroidal L-variety. We may therefore assume that G has semisimple rank
one. In that case H ⊂ T is the kernel of χ.
Since H ⊂ B, we have an isomorphismG×BB · x→ G · x = X . ThusW = B · x
is normal and X = G ×B W = X . Note that T has a dense orbit in B/H thus
of dimension 2 and the rank of G/H is at least 2. Since U−H/H has codimension
at most 2, the variety G/H is spherical of rank 2 thus X is spherical of rank two.
We consider codimension one G-orbits in X with a non trivial U -action. Such a
codimension one G-orbit corresponds to an invariant valuation ν ∈ V and by [11,
Theorem 3.6] its valuation cone is obtained from V via projection from ν. Note
that a G-spherical variety with a trivial U -action is horospherical and therefore has
a linear cone of valuations (cf. [17, Corollary 11.7] or [23]). In particular, we see
that there are exactly two codimension one G-orbits with a non trivial U -action
obtained via projection from non-linear edges of the two dimensional valuation cone
V (since X is toroidal complete of rank 2, its cone is simplicial). In particular X
contains exactly two L-stable codimension one subvarieties with a non trivial U -
action. These varieties have an open orbit isomorphic to L/T . Therefore in W ,
the complement of B · w contains exactly two curves C and C′ with open orbit
isomorphic to B/T . As in the proof of Proposition 4.1.3 this implies that both
curves are of type (T). The others curve are acted on trivially by U so are of type
(χ).
We now prove that there is a relation of the form C − C′ = γ with γ a linear
combinaison of curves of type (χ). The surface W contains B/H ≃ U × T/Kerχ
as a T -stable open subset. Its generic isotropy group is Kerχ ∩Kerα. Moding out,
we may assume that this intersection is trivial so that χ and α form a basis of the
character group of T . Consider χ as a rational function on W with zeros and poles
outside B/H . Since C contains B/T ≃ U as T -stable open subset, the generic
isotropic group of T in C is Kerα. The same holds for C′. In particular, the fan
of the toric surface W contains two opposite half lines corresponding to C and C′
and the values at χ of the associated cocharacters are 1 and −1. We get a relation
of the first form.
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Case 2: V is not T -stable. Then there exists distinct simple roots α and α′ and
a positive integer n such that nχ = α− α′ and we have
Lie(UH) = ℓ⊕

 ⊕
β∈R+\{α,α′}
gβ

 ,
where ℓ is a line in gα ⊕ gα′ . Let P be the parabolic subgroup of semisimple
rank two associated to {α, α′} and let L be its Levi subgroup containing T . Then
H ⊃ R(P ) thus L · w = L ·W is acted on trivially by R(P ). Let λ be a cochar-
acter with 〈λ, α〉 = 0 = 〈λ, α′〉 and 〈λ, β〉 < 0 for the other simple roots β. Then
CG(λ(Gm)) = L and w ∈ Xλ(Gm). Moreover, the weights of λ in Lie(G)/Lie(Gw)
are non-negative therefore L · w = Xλ the “sink” of the Białynicki-Birula decom-
position (see Subsection 4.5.1). The L-variety L · w is spherical and toroidal by
Proposition 4.5.3. Since the connected center of L acts trivially we may assume
that G is semisimple of rank 2. If the isotropy group Gw is contained in B, then
we may argue as in case 1 to get a relation of the second form. If the isotropy
group Gw is not contained in B, then one checks that G/Gw is isomorphic to the
quotient of SL2(k) × SL2(k) or PGL2(k) × PGL2(k) by its diagonal subgroup. We
get a relation of the third form. 
Corollary 4.4.7. On a toroidal variety, any rational equivalence between B-stable
curves is given in Propositions 4.4.3 and 4.4.5 above or is of the form
nC − n′C′ = γ
with n, n′ ∈ {0, 1}, where C and C′ are of type (U), (T) or (N) and γ is a linear
combinaison of curves of type (χ).
Corollary 4.4.8. Assume that X is toroidal.
In the quotient N1(X) of N1(X) by curves of type (χ), the class of any curve of
type (T) or (N) spans a ray of the cone NE(X).
A curve C of type (U) with associated minimal parabolic subgroup P not spanning
a ray of the cone NE(X) is contained in a P -surface with trivial R(P )-action which
is isomorphic to the P/TR(P )-embedding P1 × P1.
Remark 4.4.9. In [6, Corollaire 3.8] the curves of type (U) were claimed to span
edges of the cone NE(X). This is clearly not the case for the SL2(k)/T0 embedding
P1 × P1 but the above says that this is essentially the only possibility.
More precisely, the SL2(k)/T0 embedding P
1 × P1 has no curve of type (χ), two
curves C and C′ of type (T) given by {0}×P1 and P1×{0} and a curve C′′ of type
(U) given by the diagonal embedding of P1. We obviouly have [C′′] = [C] + [C′] in
N1(X) = N1(X) = A1(X) so that C
′′ is not spanning an edge of the cone NE(X)
(which is spanned by [C] and [C′]).
4.5. Big cells. In this subsection we present general results of Luna [26] and use
them to compare the type of curves and the corresponding dual divisors. We prove
the following result in the next two paragraphs.
Theorem 4.5.1. Let X be a complete G-spherical variety, let P be a minimal
parabolic subgroup of G and let D ∈ ∆˚(X).
If P raises D with an edge of type (U), (T) resp. (N) then there exists a B-stable
curve C of type (U), (T) resp. (N) whose class in N1(X) is CD,Y .
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Remark 4.5.2. The above result is probably well known to the specialists but
we could not find any reference for it. Some special cases especially for sober and
wonderful embeddings are given in [26]. It seems to appear for the first time in this
form.
4.5.1. Białynicky-Birula decomposition. Recall an easy version of the Białynicki-
Birula decomposition [3], see also [8, Section 3.1]. Let X be a variety with an
action of a one-dimensional torus T0 ≃ Gm. For Y ⊂ XT0 a subvariety, define
XY = {x ∈ X | limt→0 t · x exists and lies in Y }. Then XY is a locally closed
T0-stable subvariety. Furthermore, let γY : XY → Y be the map defined by x 7→
limt→0 t · x. Then πY is a T -equivariant morphism. Note that for X complete, for
any x ∈ X , the limit limt→0 t · x exists and X is the disjoint union of locally closed
varieties XY where Y runs over all components of X
T0 .
We present a result due to Luna (see [26] and also [8, Proof of Proposition 7.1])
on the Białynicki-Birula decomposition for spherical varieties. Let P be a minimal
parabolic subgroup and let λ : Gm → T be a cocharacter of the maximal torus
such that 〈λ, β〉 > 0 for the simple roots β with Uβ ⊂ R(P ) and 〈λ, α〉 = 0 for the
last simple root α. Such a cocharacter is called adapted to P . Let T0 = λ(Gm)
and consider the associated decomposition X =
⋃
XY indexed by the connected
components Y of XT0 . It is a finite decomposition and since the XY are locally
closed, there exists a Y0 such that XY0 is open in X , the big cell. Set Xλ = XY0 ,
Xλ = Y0 and write γλ : Xλ → X
λ for the map γY .
Denote by P− the minimal parabolic opposite to P and by Ru(P
−) its radical.
Note that P = {g ∈ G | limt→0 λ(t)gλ(t)−1 exists} and that all the limits take
value in Gλ = CG(T0) = P ∩ P− which is the Levi subgroup L of P associated to
T . Denote again by γλ : P → Gλ the map g 7→ limt→0 λ(t)gλ(t)−1. One easily
checks that Xλ is P -stable and γλ(p · x) = γλ(p) · γλ(x) for x ∈ Xλ and p ∈ P .
Proposition 4.5.3. With the above notation we have:
1. Ru(P
−) acts trivially on Xλ.
2. Xλ is L-spherical.
3. If X is toroidal, then so is Xλ.
Proof. 1. We have P− = {g ∈ G | limt→0 λ(t)
−1gλ(t) exists} and Ru(P
−) = {g ∈
G | limt→0 λ(t)−1gλ(t) = 1}. In particular for g ∈ Ru(P−) and x ∈ Xλ, we have
limt→0 λ(t)
−1g · x = limt→0(λ(t)−1gλ(t))λ(t)−1 · x = limt→0(λ(t)−1gλ(t)) · x = x.
So the closure C of {λ(t)−1g · x | t ∈ Gm} contains two points in Xλ thus two
T0-fixed points thus the all of C is fixed and equal to {x}. We get g · x = x.
2. We first prove that Xλ is normal. Since Xλ is covered by affine T0-stable
open subsets V , we only need to prove that V ∩ Xλ is normal. The action of T0
induces a grading k[V ] = ⊕n≥0k[V ]n (with n ≥ 0 since V ⊂ Xλ). But X being
normal, so is the open subset V . The algebra k[V ] is therefore normal and so is
k[V ]0 = k[V ∩Xλ].
Now as remarked right before the proposition, the map γλ is L-equivariant. The
group BL = B ∩ L is a Borel subgroup of L and γL(B) = BL. The dense B-orbit
in X is contained in Xλ and its image is a dense BL-orbit in X
λ.
3. Let D′ be a Bλ-stable prime divisor in Xλ and let D = γ−1λ (D
′). This is a
B-stable divisor with D ∩ Xλ = D′. If D′ contains a closed L-orbit Y ′, then D
contains Y ′. Let y be the (Bλ)−-fixed point in Y ′, then y is also Ru(P
−)-fixed thus
SANYA LECTURES ON THE GEOMETRY OF SPHERICAL VARIETIES 41
y is B−-fixed. But D being B-stable it contains B · y = BB− · y which is dense in
G · y so D contains a G-orbit and is G-stable. It follows that D′ is L-stable. 
Before proving Theorem 4.5.1 we apply the above to improve Proposition 4.1.3.
Proposition 4.5.4. For C of type (T) and P = P (C), the map P ×B C → P · C
is an isomorphism and P · C is isomorphic to P1 × P1.
Proof. We proved in Proposition 4.1.3 that P ×B C is the normalisation of P · C
and isomorphic to P1 × P1 so we only need to prove that P · C is normal.
The G-variety G · C is spherical thus we may replace X with G · C. Let λ be a
cocharacter adapted to P− the minimal parabolic subgroup opposite to P . Then
Xλ is a spherical L-variety. Let z be the T -fixed non B-fixed point in C. Then
G ·z is dense in X and Ru(P ) acts trivially on z. We get that P−L ·z is dense in X
and since Xλ is P
−-stable, the orbit L · z meets Xλ. By [34, Theorem A], we have
that L · z is an irreducible component of (G · z)λ(Gm) therefore Xλ = L · z = P ·C.
Now Xλ is a spherical variety by the above proposition therefore normal and we
are done. 
4.5.2. Proof of Theorem 4.5.1. Let X be a complete G-spherical variety and let
D ∈ ∆˚(X). Note that there always exists a minimal parabolic subgroup P raising
D to X . Let λ : Gm → T be a cocharacter adapted to P . Let T0 = λ(Gm) and
apply Proposition 4.5.3 to the action of T0 on X .
By Proposition 4.5.3, the variety Xλ has a trivial action of Ru(P
−) and is S-
spherical for S = P/Ru(P
−). Let BS , TS and US be B/Ru(P
−), T/(T ∩Ru(P−))
and U/Ru(P
−). Denote by B−S the Borel subgroup opposite to BS relative to TS
and L the Levi subgroup of P relative to T .
Note that P ·D = X meets Xλ and since this last subset is L-stable, Dλ = D∩Xλ
is not empty. We get that Dλ = D ∩Xλ = γλ(Dλ) is not empty.
If Dλ = Xλ, then it contains a B−S -fixed point y and since Ru(P
−) acts trivially
on Xλ it fixes y thus y is B−-fixed. In particular BB− · y = B · y ⊂ D and thus
G · y ⊂ D, a contradiction to D ⊂ ∆˚(X). Therefore Dλ is a BS-stable divisor of
Xλ containing no S-orbit (by the same argument).
Since S has semisimple rank one and Xλ is an embedding of S/H for some
spherical subgroup H of S, we have three possible cases (see Example 1.3.10):
either H = TS or H = NS the normaliser of TS or H contains US .
If H = TS, then D
λ is a BS-stable curve of type (T). Since the square
S ×BS Dλ //

S ·Dλ

S ×BS Dλ // S ·Dλ
is a cartesian product, the divisor D is raised by P with an edge of type (T).
Furthermore, we have a B−S -stable curve C of type (T) meeting D
λ transversaly in
one point. This curve is also Ru(P
−)-stable and therefore B−-stable. By Corollary
4.4.8, the class of this curve generates an edge of NE(X). Since C ·D = 1 the class
of C must coincide with CD,Y . If H = NS , then the same argument works as well.
Assume that H contains US, then X
λ contains a closed S-orbit C isomorphic to
S/B. This curve is B−S -stable and therefore also B
−-stable. It is of type (U) and
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meets Dλ in one point. The above argument will work as soon as the class of C
spans an edge of NE(X). If this is not the case, then there exists a P−-surface W
with a trivial Ru(P
−)-action and isomorphic to the S/TS-embedding P
1× P1. But
then W ⊂ Xλ(Gm) and W meets Xλ along C. Therefore W and Xλ would be in
the same connected component of Xλ(Gm) which has to be Xλ, a contradiction.
5. The canonical divisor
Let X be a spherical variety. Since X is normal, we can define its canonical
sheaf ωX by ωX = j∗ωXsm where j : X
sm → X is the inclusion of the smooth
locus. The sheaf ωX is isomorphic to OX(KX) for some Weil-divisor KX . Any
such Weil-divisor is called a canonical divisor of X . In this section we describe
an explicit B-stable canonical divisor.
5.1. Computing KX. We give an algorithm for computing a canonical divisor.
Proposition 5.1.1. There exists a canonical divisor KX of X such that
−KX =
∑
D∈D(X)\∆(X)
D +
∑
D∈∆(X)
aDD
with aD a non negative integer.
Proof. Replacing X by the union of G-orbits of codimension at most one, we may
assume that X is toroidal and smooth. By the Structure Theorem for toroidal
varieties (Theorem 2.4.1), we have an isomorphism X \∆X ≃ (PX)u × Z with Z
a toric variety for a quotient of L/[L,L]. Let T0 be the kernel of the action of T
on Z and let T1 be a subtorus of T such that T = T0T1 and T0 ∩ T1 is finite. The
group Ru(P )T1 ⊂ B has an open orbit in X \∆X and its generic isotropy subgroup
is finite.
Let pX and t1 be the Lie algebras of PX and T1 and let σ be the exterior product
of the elements in a basis of pX ⊕ t1. Then σ is a global section of the anticanonical
sheaf ω∨X and the support of the vanishing locus of sigma is the complement of the
open B-orbit in X . This implies that we have a canonical divisor of the form
KX = −
∑
D∈D(X)
aDD
with aD ≥ 0. We are left to prove aD = 1 for D 6∈ ∆(X). We need to prove that σ
vanishes at order one for D 6∈ ∆(X). This can be checked on X \∆X ≃ Ru(P )×Z
and follows from the corresponding fact for toric varieties: the exterior power of a
basis of t1 vanishes at order one on the codimension one T1-orbits in Z. 
Theorem 5.1.2. Let X be a complete toroidal spherical variety. An anticanonical
divisor of X is
−KX =
∑
D∈D(X)
aDD
with
aD =


1 if D ∈ D(X) \∆(X),
1 if D ∈ ∆(X) is raised with an edge of type (T) or (N),
2〈α∨, ρ− ρI〉 if D ∈ ∆(X) is raised with an edge of type (U),
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where α is the simple root associated to P (C) with C a B-stable curve of type (U)
representing CD,Y , where G ·C = G/PI for some set of simple roots I and ρ (resp.
ρI) is the half-sum of positive roots in the root system R (resp. RI).
Proof. By the above Proposition, there exists such an anticanonical divisor and
aD = 1 for D ∈ D(X) \ ∆(X). Note that since X is toroidal, we have ∆(X) =
∆˚(X). Let D ∈ ∆˚(X) and let C be a B-stable curve with class equal to CD,Y in
N1(X). Set ω˜X = ωX(
∑
D∈D(X)\∆(X)D). We have ω˜X = OX(−
∑
D∈∆(X) aDD)
and aD = − deg ω˜X |C .
Let Y be an irreducible G-stable subvariety of X . Then by Corollary 2.4.3, Y
is smooth toroidal and a complete intersection of G-stable divisors. Let A(Y ) be
the set of these divisors. The G-stable divisors of Y are given by D(Y ) \∆(Y ) =
{D ∩ Y | D ∈ D(X) \ (∆(X) ∪ A(Y )). Since for D ∈ D(X) \ (∆(X) ∪ A(Y )), we
have OY (D ∩ Y ) = OX(D)|Y we obtain by the adjunction formula the equality
ω˜Y = ωY ⊗ OY
(∑
D′∈D(Y )\∆(Y )D
′
)
= ωX
(∑
D∈A(Y )D
)
⊗ OX
(∑
D∈D(X)\(∆(X)∪A(Y )D
)
|X = ω˜X |Y .
Applying this to Y = G · C we get aD = − deg ω˜G·C |C . If C has type (U) then
there exists a parabolic subgroup I such that G · C ≃ G/PI . The variety G · C
has no G-stable divisor so ω˜G·C = ωG·C and the result follows. If C has type (T)
or (N), then by Proposition 4.1.6, we have G · C ≃ G ×Q(C) P (C) · C. Since C
is identified with a fiber of the map G ×Q(C) P (C) · C → G/Q(C), we get that
deg ω˜G·C |C = deg ω˜P (C)·C |C where P (C) · C is seen as a toroidal L-variety with L
a Levi subgroup of P (C). In type (T), we have P (C) · C ≃ P1 × P1 thus ω˜P (C)·C
is isomorphic to O(−2,−2)⊗ O(1, 1) while C is {0} × P1. We get aD = 1. In type
(N), we have P (C) ·C ≃ P2 thus ω˜P (C)·C is isomorphic to O(−3)⊗O(2) while C is
a line. We get aD = 1. 
Remark 5.1.3. 1. The above result gives an algorithm to compute a B-stable
canonical divisor for any spherical variety. Indeed, let X be a spherical variety,
then embbed X in X a complete spherical variety and let π : X˜ → X be a toroidal
resolution (such a resolution always exists, see for example [32, Corollary 3.3.8]).
Let K
X˜
be a canonical divisor, since any spherical variety has rational singularities
(see [32, Corollary 2.3.4]), then KX = π∗KX˜ and KX = KX |X = π∗KX˜ |X .
2. The above result has an especially nice form for simple toroidal varieties since
we have a unique closed orbit. We recover this way a result of Luna [26].
Example 5.1.4. In this example, we use the algorithm described in Remark 5.1.3
to compute the canonical divisor of the variety X = IG(2, 2n+ 1) of isotropic line
in C2n+1 endowed with an antisymmetric bilinear form ω of maximal rank.
Let K be the kernel of the the form, it has dimension one and C2n+1 = K ⊕ V
with V of dimension 2n with a symplectic form ω|V (thus non-degenerate). Fix
(ei)i∈[1,2n] a basis of C
2n such that the form is given by ω(ei, ej) = δi,2n+1−i.
The variety X is spherical for the action of G = Sp(V, ω|V ) and has three orbits
Y , Z and U = X \ (Y ∪ Z). The first two are closed and defined as follows:
Y = {ℓ ∈ X | ℓ ⊂ V } ≃ IG(2, 2n) and Z = {ℓ ∈ X | K ⊂ ℓ} ≃ P2n−1.
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We have Pic(X) = Z and two B-stable divisors defined, with ℓ2 = 〈e1, e2〉, by
DY = {ℓ ∈ U | ℓ ∩ V ⊂ e⊥1 } and DZ = {ℓ ∈ U | V ∩ (ℓ +K) ∩ ℓ
⊥
2 6= 0}.
A toroidal resolution ϕ : X˜ → X , is obtained by blowing-up Y and Z in X :
X˜ = {(p, ℓ, π) ∈ IG(1, 2n+ 1)×X × IG(3, 2n+ 1) | p ⊂ ℓ ⊂ π, p ⊂ V and K ⊂ π}.
This variety has three G-orbits U and the exceptional divisors EY and EZ over Y
and Z which are both isomorphic to the incidence variety of isotropic points and
lines in V . Write D˜Y and D˜Z for the strict transforms of DY and DZ in X˜. It is
easy to check that the B-stable curves dual to D˜Y and D˜Z are
CY = {(p, ℓ, π) ∈ X˜ | p ⊂ e⊥1 , l = ℓ2, π = ℓ2 +K} and
CZ = {(p, ℓ, π) ∈ X˜ | V ∩ π ∩ ℓ⊥2 6= 0, p = e1, ℓ = K + e1}.
We get G · CY = EY ≃ EZ = G · CZ and by the above algorithm:
−K
X˜
= EY + EZ + (2n− 2)D˜Y + 2D˜Z and −KX = (2n− 2)DY + 2DZ .
Since DY and DZ are equivalent to the same ample generator H of Pic(X), we get
−KX = 2nH.
We refer to [30], [31] or [19] for more details on the geometry of these varieties and
on the geometry of smooth Fano horospherical varieties of Picard rank one.
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